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CHAPTER 1

WARRANTY POLICIES

1.1. Introduction

A warranty 1s a contractual obligation incurred by a
manufacturer or vendor in connection with the sale of an item or
service. The warranty specifies that the manufacturer agrees to
remedy certain defects or failures in the commodity sold. The purpose
of the warranty is to promote sales by assuring the quality of the
item or service to the customer.

There are many different types of warranties but most seem to
fall into one of two categories as defined by the Federal Trade
Commission. These two categories are the '"full warranty' and the
"limited warranty'". A full warranty specifies that the product must
be repaired or replaced within a reasonable time at no charge to the
consumer. In a limited warranty the consumer is frequently expected
to pay at least a portion of the cost of repairing or replacing the
product.

In planning a warranty policy many factors must be taken into
consideration. These factors range from the consumers' typical
psychological perception that a longer warranty implies a "better"

product, to the quantitative analyses that show an additional non-

negative cost is incurred (by the manufacturer) whenever a warranty is

offered. Increasing consumer awareness (of the value of warranties)
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will inevitably be another factor in the managerial decision of
choosing the type and length of warranty to offer. This advance in
"consumerism'" will require increasing attention on fhe part of manufac-
turers wishing to improve or even maintain their competitive positionms.
This study considers most of the more common warranty policies
(both stated and unstated) from both the consumer's point of view and
from the manufacturer's point of view. It is assumed throughout that
all costs are positive, all repairs are instantaneous, and all item

lifelengths are nonzero.

1.2. Full-Warranty Policies

Perhaps the most common warranty policy is the simple fixed-time
warranty, (henceforth referred to as the standard warranty policy).
In this policy, anytime the purchased item fails before time W, the
warranty length, the item is either repaired or replaced free of charge.
If the new or repaired item also fails within the warranty period it
too is repaired or replaced free of charge. This continues until time
W after which the consumer must pay the full cost of either repairing
or replacing the item. 1In this policy the consumer is effectively
guaranteed that for the original price of the item he will have a
functioning item for at least a time period of length W.

A second common warranty policy is the renewing warranty policy.
It 1is frequently offered by the manufacturers of small mechanical and
electrical appliances. This i3 often an unstated policy that works as

follows:




For the fixed price P, the consumer buys an item with warranty |
length W. This warranty is identical to the one previously discussed ;
except that when the item fails (within the warranty period W) the |
manufacturer not only repairs or replaces the item free of charge, but |
also gives the consumer a new warranty of length W that supercedes
the old warranty. In this way the consumer 1s guaranteed that for the
. price of the original item he will receive new or repaired items free
= of charge until one of the items functions for a time period longer than
W.

It is clear that this policy 1s more expensive from the manu-
facturers' point of view than the original policy. The way this policy
actually arises is typified by the following example.

A consumer purchases a clock-radio from his local Jarco Store.

This clock-radio comes with the standard one year warranty (i.e.,

if it fails within the first year of purchase, bring it back to Jarco
and Jarco will repair or replace it free of charge). However, when
the clock radio actually fails in 6 months and the consumer returns it
“_ to Jarco, rather than going through the complicated process of trying

to repair the item, Jarco simply gives the customer a new box which

} contains a new clock-radio and also includes a new one year warranty.
. ' The two policies above immediately suggest at least two

.E* . generalizations. The first (Bell - 1961, [3]) is not very useful from
v a manufacturers' point of view because of the additional paper work

required. According to this generalization, if an item is guaranteed

- for a period of time W and fails at time x < W, it is replaced free




of charge and the guarantee is extended for a period kx, 0 < k < 1.
The case k = 0 1is the standard policy and the k = 1 case is the
renewing warranty policy.

The second generalization, the (T,W) warranty policy, is
one that is currently being used by some manufacturers of small
appliances. In this warranty policy the initial item is given a fixed
warranty of length W, 1If the item fails before time W - T,
0 <T< W, the item is repaired or replaced and the warranty continues
unchanged. If the item fails after time W - T but before time W,
the item is repaired or replaced and a new warranty of length T is
issued.

An equivalent formulation is as follows: If the item fails at
time x < W, the item is repaired or replaced and a new warranty of

length
max (T, W - x)

- i3 issued. The policies T =0 and T = W correspond with the

. standard and renewing warranty policies respectively.

}. This policy requires very little additional work for the
manufacturer since all he needs to do is give a fixed length warranty
of length T with any repaired or replaced item (under any warranty).

It is up to the consumer to decide whether or not the original warranty

.-, -

is better or worse than the new warranty.
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1.3. Limited Warranty Policies

The typical limited warranty is the pro rata warranty. It is
found most often when purchasing automobile tires, although lately its
popularity has begun to spread to other sectors of transportation. Under
the pro rata warranty, if an item fails at time x, x < W, then the item
is replaced (typically replaced, not repaired), the warranty is renewed,
and the customer is charged a fraction x/W of the price of the item.

W 1is the length of the pro rata warranty. The idea behind the pro rata
warranty, from the manufacturer's point of view, is simple. Why should
the consumer get all that free use out of the item? Thus, the manufac-
turer "charges" the customer pro rata (from the Latin word for propor-
tional).

Two generalizations of the pro rata wartanty have appeared recently
on the market. The first of these (Heschel ~ 1971, [13]) is a pro rata
policy with delay. If an item under warranty fails before time s a new
item 1s issued and the warranty is renewed at no charge to the consumer.
If the item falls at time x, where s < x < W, a new item is 1issued,
the warranty is renewed, and the customer is charged a fraction
x/W-s - s/W-s of the price of the item. x is the failure time of the
item, s < x < W, and W 1is the warranty length. If the item fails after
time W the consumer is charged the full price of a new item. The case
s = 0 corresponds to the original pro rata warranty and the case s = W
corresponds to the free replacement renewing warranty policy.

The second pro rata generalization, pro rata with rebate, charges

the regular pro rata price from time s on. As before, if the item fails




before s, 0 < s < W, a new item is issued and a new warranty is given
at no charge to the consumer. After time s but before time W, a
new item is issued and the warranty is renewed but the consumer is now
charged the fraction x/W of the original price. x 1is once again the
failure time of the item and W 1is the warranty length. This
generalization has the same endpoints as the last., If s = 0, it is
the original pro rata policy and if 8 = W, it is the free replacement

policy. These three policies are represented graphically below in

Figure 1.
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As one can readily see, the second generalization is always superior
to the first from the manufacturer's point of view since it always
generates at least as much income. This, combined with the fact that
from a marketing point of view both generalizations are typically per-
ceived as equivalent (by the average consumer), has led to the almost
total abandonment of the first generalization.

Other formulations of generslized warranty policies are, of
course, possible. As an example of one that is perhaps too complicated
to be used by a manufacturer, one could add an additional k1 X,

0 < kl.i 1 to the warranty period length if the failure time
X € [sl, W], and charge the consumer a fraction x/W-s2 - szlw—s2
if x & [SZ’ W], (something else otherwise) of the price of the item.

The choice of policy and the selection of the warranty length
will depend on production costs, sales price, demand, and distribution
of time of failure for both new and repaired items. It will also be

different depending upon whether the problem is considered from the

point of view of the consumer or the manufacturer.

1.4. History of Warranty Studies

In the last 30 years over 130 articles and technical reports
dealing with warranties have been published. The subjects of these
articles have varied from advertising to urban transportation and have

been published in everything from the Congressional Record to Business

Week to the Proceedings of the Reliability and Maintainability

Symposiums.
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Blischke and Scheuer have done an excellent job of tracking

down these sources and compiling them in a single bibliography [7].
They have also classified each of the articles into one or more of
eight catagories: structural aspects of warranties, analysis of
management decisions with respect to warranties, economic analysis
of warranties, related business activities, consumerism, statistical
analysis of warranties, legal aspects and miscellaneous. Of the
categories pertinent to this study the most important by far is the
statistical analysis of warranties. However, the nature of the study
also requires consideration of the structural aspects of warranty
policies, the analysis of management decisions with respect to
warranties and finally, the economic analysis of warranties (along

with its supply and demand functions).

The first paper, historically speaking, to deal with warranties
from a mathematical or statistical point of view was a Ph.D. dissertation
(also published as a technical report) by Lloyd Bell at Stanford University
in 1961 [3]. 1In this dissertation Bell assumes a particular type of
demand function and derives conditions under which certain types of
warranty policies are optimal. He also includes a short section
entitled, "Expected Rate of Profit Per Customer" in which he develops
a renewal equation of use in finding '"the expected rate of overall profit",
a value he wishes to maximjize. However, he stops short of solving the
renewal equation and instead concentrates on demand functions and their

effect on various warranty policies.
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No further work relating renewal equations to warranty policies
seems to have been done until 1971 when M. S. Heschel published a two-
page article entitled "How Much is a Guarantee Worth" [13]. Although
Heschel neither explicity mentions nor uses renewal equations in his
article he does use the concept of expected cost which ties directly
to renewal theory.

Four years later in 1975, Blischke and Scheuer published the

first of several papers using renewal theory to analyze both the standard
warranty policy (see Section 1.3) and the pro rata warranty policy
[4, 5, 6]. In these papers they laid most of the groundwork for
comparing different warranty policies from both the consumer and
manufacturers' point of view. They, however, stopped short of calculating
the actual cost at which the consumer would be indifferent between
purchasing an item with a particular warranty as opposed to an item
without warranty; instead they estimated these values.

Many other authors have done mathematical studies of warranty
policies without the use of renewal theory. Most of these deal with
demand functions and market places. Glickman and Berger, for instance,

consider displaced log linear demand functions and do a sensitivity

analysis of the elasticity assumptions [12]. Other more recent papers }
have dealt with such topics as incentive contracts (Marshall, 1980 [16]) ;
and imperfect information and alternative market structures {(Courville

and Hausman, 1979 [9]). These subjects will not be addressed in this

study.




CHAPTER 2

BACKGROUND

2.1. Derivation of the Renewal Equation

If a single customer uses a product for a long period of
time and replaces each item immediately upon failure, a renewal sequence
is generated. This renewal sequence can then be used to develop many
values of interest.

Consider a sequence of items issued at times O, tl, t2, ey
t oy aes (0 <t <t < o0 < t, < +++) with corresponding lifetimes

n 1 2

= = = n
X1s Xy, x3, ... such that tl X5 t2 3 + Xys oo tn 21=1 Xy
The {xi} are assumed to be independent identically distributed random
variables with distribution function F(t), where F(0) = 0. They

represent the life length of the various items with x_, being the life

i
length of item 1i. If we let N(t) be the number of items issued up

to time t, (not counting the item issued at time O0) i.e.,

then N(t) 1s a renewal process.

Many values of interest can be found by taking advantage of the
fact that N(t) 1s a renewal process. In the discussion that follows
Y(s) may be interpreted as a cost function and R(*) would, therefore,
represent cumulative costs. Other interpretations of Y(:) and R(-)

will be examined at the end of this section.

-10-
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Let Y(-) be an arbitrary function mapping R > R and define

Yj z Y(xj). The {Yj} thus form a sequence of independent identically
distributed random variables such that Yj and X, are independent
for all j # k. If we let the sequence {Yj} occur at times {tj)’

respectively, then we have a sequence of values each occurring at the
time of issuance of a new item, such that each value, Yj’ is dependent
only upon the life length of the previous item, xj.

If Ri(T) is the sum of all values Yk obtained during a time ;

period of length T starting at ti’ and N > i is determined by

tN < ti + T < tN+l’ then
j 0 N=1 (or X, > T)
Ri(T) =
( Yigp Pl v o v Yy N2> 1 (x <)

Note that Ri(T) = Yi+1 + R1+1(T - x1+1) for Xip1 < T. Thus,

. By (% = @)+ BIR (Tox 3y = @] w < T
E[Ri(T)Ixi+1 =u] =
0 u>T
‘ E(Y, 0 /%4 = W + ERy, (T-u)) u<T
( 0 u>T.
Removing the dependence on u yields
T T

E(R,(T)] = é (Y, 0x04q = w) dF(u) +(f) E(R,,, (T-w)) dF(u) .

-11-
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Let V,, .(T) be defined by

i+1

T
Vi (D = £ E(Y,,I%, = 0) dF(u) .

Since the quantities (T) and E(R (T-u)) are not dependent

v1+1 1+1

on 1, the subscript can be dropped yielding

T
E(R(T)) = V(T) + [ E(R(T-u)) dF(u) . (1)
0

This is the generalized renewal equation discussed in Karlin and
Taylor [15]. If V(T) 1is a bounded function, then there exists one
and only one function E(R(T)) bounded on finite intervals satisfying
(1). This function is

T
E(R(T)) = V(T) + [ V(T-u) dM(u)
0

Y is the 1i-fold

where M(w) = J7_, F(w) = EN(w) and F
convolution of F with itself.

A value of interest is

lim E(R(t)) ,

oo t

the expected "value per unit time'" of the system. To calculate this
the following well known lemma (Karlin & Taylor, Chapter 5 [15]) is

necessary:

-12-
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Lemma 2.1. (Blackwell’'s Theorem) Let F be the distribution function

of a positive random variable with mean u. If F 18 not arithmetic

then 1lim M(t+h) - M(t) = h/u.

t-ro

Theorem 2.2. If R(t) solves the renewal equation

t
R(t) = V(t) + [ R(t-u) dF(u),

<

where V(t) 1is a bounded nondecreasing function, then 1lim c
tr

*
where V = lim V(t) and u < ® 4is the mean of F(u).
>

t

Proof: By the generalized renewal theorem R&(t) = V(t) + f V{t-u) dM(u).
0

Thus,

a t
lim R(E) _ lim Vt(:t) + 1im [ V(t-u) dM(u).

— o t+o

By hypothesis V(t) 1is bounded so 1lim V(t)/t = 0. Moreover,
o

*
since V(t) is nondecreasing and tending to V for all € > 0,

*
there exists a T such that V - V(t) < ¢ for all t > T.

Splitting the integral into two pieces yields

3
" L , &7 K
J [ V(t-u) aM(u) = £ [ V(t-u) dM(u) + ¢ [ v(t-u) dM(u)
- “o 0 t-T |
o B
f{ Note that
%
R
o
| -13-
!
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1t vt v
0<o [ V(t-u) aM(u) <3+ [ aM(u) = TM(t) - M(¢-T))

- t

t-T t-T
and by the previous lemma
v v

lim = [M(t) - M(t-D)] = lim T%‘ =0.
Tt o

Thus, the second piece of the integral tends to zero. The remaining

piece is

t-T
[ v(t-u) aM(u) .
0

e

* *
Recall, however, that t - u €[T,t] which means V - € < V(t~u) < V

and

* t-T *
L8 yeeemy <L [ vie-w) angw) < L uee-m
0]
Taking limits on both sides:
t-T *
lim + [ V(t-u) dM(u) = - . ®
t+ t 0 s

The above theorem was first proved in 1963 by Johns and Miller [14].
The proof included here is considerably different than the original.

Another interesting result occurs if Y(x) is constant for all x.

-14-




Theorem 2.3. If Y(x) = o then E(R(t)) = cOM(t).

Proof: If Y(x) = Cy then

t t
v, (t) = (); E(Yilxi = u) dF(u) = co({ dF(u) = ¢, F(t) .

Plugging into the formula for E(R(t)),

t
E(R(t)) = c F(t) + ¢y [ F(t-u) dM(u)
0

= cO[F(t) + F * M(t)]

= cOM(t)

where F * M(t) 1is the convolution of F(t) and M(t). The last step

is a direct result of the fact that

(1+1)

M) = ) F Dy = ey + 7 P (g =
1=1

i=1

¥ It should be noted further that if Yi = CO then V(t) = coF(t)

satisfies the hypothesis of Theorem 2.2, i.e., V(t) 1is a bounded non-

c
decreasing function and, thus, 1lim R(e) . 0 .
tro © u

Many useful results can be derived from the two previous theorems.

For ingtance, 1if Yi = 1 then R(t) 1is a counting process which counts

L 3 the number of new items issued in the next t wunits of time. If Yi is

-15-
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the cost to the consumer of item i, then Y, + R(t) 1s the total cost

0

to the consumer of starting at time zero and staying in the system until

time t. Likewise, if Y,6K = ¢, - k, where ¢ is the cost to the

1 i 0 i
consumer of item i and k0 is the fixed cost to the manufacturer of
producing item i, then ¢ ~ ko + R(t) 1is the total profit up to time t.

If Y(x) = x, another useful result can be found. In this case Yj = xj,
the life length of item j. R(t) 1is now the sum of the life lengths up to
time t not counting the current life length. Hemnce, E(t - R(t)) =

t - E(R(t)) 1is the expected life of the current item thus far, and

u + E(R(t)) 1is the expected time of the next replacement. u + E(R(t))

is also the expected life length of the process given no replacements will
occur after time t.

In the following sections these results will be applied to the
various warranty policies mentioned in Chapter 1. In particular, such
quantities as the additional price the consumer should be willing to pay
for a given warranty, how much the manufacturer should charge and, under
appropriate demand function assumptions, the optimal warranty length a
manufacturer should offer, will be derived.

It should also be noted here that the conditions of Theorem 2.2
are not met for all warranty policies mentioned in Chapter 1. In
particular, whenever the warranty is not "renewing" (i.e., when the
warranty does not necessarily start over at the time of issuance of a
new item) then the cost of the item at time ¢t is not an exclusive

3

function of x,, the life length of the previous item. In these cases

3

a separate analysis will be performed to determine the desired results.

~16-
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2.2. Notation

The following notation will be used throughout this paper:

Xy life length of item 1 (assumed iid).
F(e) the distribution function of X,
F(x) = P{xi <x} 1=1,2, ....
It is assumed that F(0) = 0 signifying the x; are
\ positive random variables.
’. o
u the expected value of X, E(xi) = f xdF(x).
A 0
i My f xdF(x).
0
i
ty 2 xj. The waiting time until the occurrence
j=1
th
of the 1 event (t0 = 0 by convention).
F(i)(t) P{ti < t}. The convolution of F with itself 1
), _
times (F (t) l{tio} by convention).
N(t) n : tn—l <t 5-tn . The counting process.
- M(t) E[N(t)] . The renewal function.
W the warranty length. In this paper the warranty
M length is defined to be the minimum length of time
T . W such that if the initial item fails on or after

time W, the entire price of a new item must be

f payed to replace the original.
1 4

¢y the price the consumer must pay to purchase the item
b (or service).

-17-




Cc(L)

K(L)

P(L)

T (L)

Y(),R(*)

the cost to the manufacturer of producing an item

(or service).

the length of time (predetermined) after which the
consumer will no longer pay for a new item. L 1is
assumed for convenience to be greater than or equal

to W.

the total expected cost to the consumer over the period

(o,L]).

the total expected cost to the manufacturer over the

period [O,L].

C(L) - K(L). The total expected profit to the manufacturer

over the period [O,L].

the expected process length. The first time after L
that the item fails and the consumer would have to pay

a positive amount to replace the item.
t(0).
the minimum length of warranty offered with a replaced

item (used exclusively in the (T,W) warranty policy -

see Chapter 4).

the initial "free replacement” time under a pro rata

warranty (see Figure 1.1).

dummy functions used for various purpnses (as is deemed

appropriate). Defined in Section 2.1,

Using the variables defined above one can generate the following values

which are of interest in comparing warranty policies.

-18-
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C(L) The cost per unit time to the consumer of staying
L
in the system exactly L units of time.
c(L) The cost per unit of "useful life" to the consumer
t(L)
(note the definition of L).
%
c(0) = - This value is of use in the nonrenewing
7(0)
warranties. In these cases it is the cost per "cycle"
of the process, where the cycle times represent
regeneration times of the process.
* ¢H)
C lin —7< . The long term average cost per unit of
Ly T (L)
useful time to the consumer.
* P(L)
P lin —==< . The long term average profit per unit time.

I+ T (L)

The quantity C(L)/t(L) arises naturally when a customer purchases an
item with the intention of using either that item or an appropriate re-
placement of that item until time L. Afterwards, the customer is willing

to take a new item for free but is not willing to pay for a replacement.

2.3. Comparing Warranty Policies

There is some question as to the proper methodology to use in
assegsing different warranty policies. Blischke and Scheuer [4, 5, 6]
have suggested comparing total cost through time t, C(t), from the

consumer's point of view and profit through time t, P(t), from the

-19~




manufacturer's point of view. In making these comparisons they assume
the customer will stay in the system for exactly t units of time. By
making this assumption they have decided that even if the consumer is
entitled to a new item, free of charge, after time t, the consumer
will refuse it and, in fact, the consumer isn't even interested in
whether or not his or her item works at all after time t. There are
instances where this is a legitimate assumption but, in general, it
seems unrealistic.

A more appropriate assumption is that after time t the customer
will accept any free replacements but will not pay any positive amount
for a replacement. Note that this new assumption does not change the
value of C(L) since the customer will not pay any more after time L.
It does, however, change the total expected cost to the manufacturer
and, hence, the total expected profits.

An alternate method for comparing warranty policies, from the

consumer point of view (that takes the above assumption into account),

C(L)
(L)

the previous section, represents the total expected cost up to time L

is8 to examine for the various policies. This term, as defined in
divided by the total expected "useful life" or, the cost per unit of
useful life to the consumer. It has the advantage of taking into

account that the consumer will have a functioning item for longer than L.

It should be pointed out that t(L) 1is not necessarily finite.

Example 2.3.1. Consider a renewing warranty policy with warranty length

W equal to 2 years. If the item lifelengths x, are distributed

i
deterministically such that xy = I% years for all i, then each item
-20-
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1
will fail after exactly Lf years use. Since a new warranty of length
2 years is issued with each new item (by definition of a renewing

warranty policy), the customer will never have to pay for a new item

and

7(0) = 1(L) = = ,

An unfortunate difficulty involved in this comparison is that
t(L) 1is frequently too complicated to calculate. In fact, the only
policies (in this report) for which it can explicitly be calculated are
those for which a new warranty is issued with every new item. It can
be found in these instances because the times of issuance form a

renewal sequence.

Whenever the consumer is charged some positive amount for any
new item, the evaluation of 7T(L) 1is simplified tremendously. In these
cases there is no need to be concerned with the customer "staying around

to get a free item" and +t(L) can be calculated by Wald's Lemma to be

N(L)+1
(L) = E ) x; ) = E(N(L)+1) E(x;) = u(1HM(L)) .
i=1

By definition the above value is the expected time of the first failure

after time L.

L < u(14M(L)) < T(L) .

-21-
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Proof: By Wald's Lemma, u(1+M(L)) 1is the expected time of the next

failure after time L and, hence, is greater than or equal to L.

t(L) 1is the expected time of the next failure after L at which the

consumer must pay some positive amount to have the item replaced. Since

T(L) requires at least a failure, t(L) > p(14M(L)). g
For the generalized pro rata policies (the pro rata with delay

and the pro rata with rebate), the time after which the consumer must

pay for a new item, s, is typically small. If F(s) is likewise

small, then the probability of the current item (at time L) having

a total lifelength less than or equal to s, P{x < s}, is very

N(L)+1
small and 1(L) can be approximated by u(1+M(L)). This can frequently
be a very useful approximation (especially when compared to the
complicated expressions derived in Section 3.4 and Section 3.5).

This approximation is also better than one might expect due to
the fact that conditioning upon a particular time frequently causes the
expected lifelength of that item to be larger than u, the expected

life length of an arbitrary item. The classic example of this arises

for the exponential distribution.

Example 2.3.2. Let {x,} be distributed exponentially with parameter

i
1
A. Then E(xi) W= However, E(XN(L)+1)

E(x ) = E(8(L)) + F(y(L))

N(L)+1

-22-
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where &(L) and y(L) are the age and remaining life of the item
in use at time L as defined in Barlow and Proschan [2]. The
exponential process is memoryless and, hence, E(y(L)) = pu. The

expected age of the current item is found by noting

(o]

E(S(L)) = [ P{8(L) > x}dx

0
L

= [ P{s(L) > x}dx
0
L

= f e-J‘x dx
0

= u(1-e by

Thus, E(XN(L)+1) = 2y - ue L and as L » » the expected lifelength
of the current item is 2u or twice the "usual expected life length".
For the other warranty policies discussed in Chapter 1, i.e.,
the nonpro rata policies, 1(L) 1is not so easily estimated. However,
these cases all share important features. Whenever the customer must

pay for a new item, the cost is exactly c¢ and the warranty renews

0

itself or starts over. Hence, the times when a payment occurs form
a sequence of stopping times Sg = 0, Sl’ Sps wen such that

S = {sn; n € I+} is a renewal process with Z, = s as the

1 7% 7 %1
independent identically distributed random variable that corresponds to
the times between regeneration points. Let G{Z) be the corresponding
distribution function of the Zi and let MG(t) = E(NG(t)) be the
appropriate renewal function [G(0) = 0 since F(0) = 0].

-23-
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By definition <t = t(0) = E(Zl)’ the expected time of the
first payment (not counting the payment at time zero). Since S 1is
a renewal process, Wald's Lemma can once again be used to estimate
the time at which the next renewal after L will occur:

NG(L)+1

(L) = E 121 Z, | = E(NG(L)+1) E(Z)) = (M (L)+D)7 .

Payments still occur at the same points as in the original process
and are assumed to be of the same constant value c¢_.. This makes

0
Theorem 2.3 applicable and C(L) = CG(L) = c0(1+MG(L)). Likewisc,

cwy _ CG(L) N cO(l+MG(L)) ) EQ
(L) (L) T(O)(1+MG(L)) T

for all L. Thus, for each of the other warranty policies discussed

(o4
Sgi; =’?? and only the value 1t need be derived to

in this paper
compare policies from the consumer point of view.

From the manufacturer's point of view, the one quantity which
stands out when comparing warranty policies is the profit per
customer. Profit per item sold does not work nearly as well due to
the varying prices at which items are sold under pro rata warranties.
Profit per customer does have the disadvantage of not taking into
account the fact that demand is a function of both price and the

warranty policy offered. However, once the manufacturer knows the

extra price he must charge for a warranty, he can calculate (or estimate)

the demand as a function of both the warranty and the price and, hence,

24—




optimize over the set of possible warranties.

It is clear that P(L) may not represent a practical quantity
to the manufacturer due to the additional costs that he may incur
after time L. PG(L) represents the correct quantity and is found

from
Po(L) = Co (L) - K. (L)

KG(L) can be found by noting that

NG(L)+1

K (L) = E Yok

=1 &

where ki is the cost incurred by the manufacturer during the ith
interval of the regenerative process S. The ki are independent
identically distributed random variables (that are functions of the

tj € [Si-l’ si])' Applying Wald's Lemma once again yields

N (L)+1
KoL) = E| ] k| = Elk J(M(L)+1)

=1 1
and in particular PG(L) = CG(L) - E[kll(MG(L)+l).
Recall that in the nonpro rata policies CG(L) = cO(MG(L)+1)
and thus, PG(L) = [c0 - E(kl)](MG(L)+1). In these cases the expected

profit per customer per unit time 1s found to be

PG(L) ) co—E(kl)

(L) T
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Fortunately, this 1s a value that can be calculated, unlike
PG(L) which typically cannot be due to the difficulty in finding
MG(L) [see Blitschke & Scheuer 3].

For the standard pro rata warranty PG(L) = P(L) = C(L) - K(L)
and K(L) 1s found by K(L) = k0(1+M(L)).

For the two generalizations this analysis becomes more difficult
due to the possibility of 'free items'". However, if the free period
(0,S) 1is small compared to W and P(S) 1is also small, then K(L)
can be used as an approximation for KG(L) without much loss. In
this case the expected profit per consumer per unit time is approximated
by

P(L) _ C(L)-ko(1+M(L))
L L

To summarize, the expected cost per unit of useful life and the
expected profit per customer per unit time will be used to compare
different warranty policles from the consumer's and manufacturer's point
of view respectively. For the generalized pro rata policies appropriate
approximations of these values can be used. These approximations take
into account the fact that the initial price of an item under a pro rata
warranty may be considerably larger than the expected cost at any later

time. This will be discussed further in Chapter 3,
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CHAPTER 3

RENEWING WARRANTY POLICIES

3.1. The Base Policy (No Warranty)

The first policy to be considered is the basic no warranty
policy. This policy is an important base to work from because
using it one can determine the additional cost the consumer should
be willing to pay for a particular warranty, or the additional price
the manufacturer should charge to "break even'".

Using the notation of Chapter 2, assume an item is sold
without warranty for a fixed price €° o > 0, at time to = 0.
In this policy each time an item fails before tiﬁe L it is assumed
the customer immediately replaces the item at a charge CO' The cost
per item, to the consumer, satisfies the hypothesis of Theorem 2.3.
So, by Theorem 2.3 the expected cost to the consumer in [O,L] is

C(L) = ¢, + coM(L)

0
where, as before, M(t) is the renewal function. Assuming each item
costs a fixed amount ko to produce, P(L) 1is likewise found to be
P(L) = (co—ko) + (co-ko) M (L). The expected lifelength of the

process, t(L), is found by Wald's Lemma:

N(L)+1
() =E{ ) xi) = E[N(L)+1) E(x;) = (M(L)+D)u .
i=1

=27~
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The expected cost and profit per unit of useful life are thus

ey | S
(L)~ paM@)

()
']

P(L) (co-ko)(1+M(L)) co-k0

Ly~ T WMy w

independent of L.

c -
Note that 1lim C(L) also equals 9 and lim P(L) —£L—Jl.
L L M L L M

These results come from Lemma 2.2.

Of all the warranty policies discussed only the pro rata
warranties and the "renewing warranty' policies have the feature that
the cost at time t of replacing the item that just failed is

i

independent of x, for all j # i. The other policies will be

3

discussed in detail later.

3.2. The "Renewing Warranty" Policy

The renewing warranty policy is so named because a new warranty
of equal length to the original is automatically given with the
issuance of each new item. The warranty is assumed to be for a fixed
length of time W. If the item fails before W a new item is
issued free of charge complete with a new warranty. If the item fails
after time W, then the item and warranty are replaced for a fixed

charge .

-28-
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To find C(L), the expected cost to the consumer of replacing
the item until time L, the following cost function Y(+*) 1is

appropriate

In this case Y(x) represents the cost to the consumer of replacing
an item that has lasted exactly x wunits of time. R(T) 1is then the
sum of the costs up until time T and E[R(T)] satisfies the renewal
equation

T T

E[R(T)] = [ [Y(u)]dF(u) + [ E[R(T-u)]dF(u) .
0 0

Note that by the definition of Y

T W T
[ (Y(u)]dF(u) = [ 0 - dF(u) + [ cdF(u)
0 0 W
0 T < W
c[F(T)-F(W) ] T>W

We can safely assume that T > W for the first term from the renewal
equation [2.1]. However, the second term involves c¢[F(T-u)-F(W)]
and it would be incorrect to assume T - u > W vu & [0,T]. Applying

the renewal equation and noting the above yields

-29-




T-W
E[R(T)] = ¢[F(T)-F(W)] + [ c[F(T-u)-F(W) ]dM(u)
0

T
= ¢[F(T)-F(W)] + [ c[F(T-u)-F(W)1dM(u)
0

T
- [ clF(T-u)-F(W)ldM(u)
T-W

= cM(T) - cF(W) - cF(WM(T) + cF(WM(T) - cF(W)M(T-W)

T
- [ cF(T-u)dM(u) .
T-W

Since R(T) does not include the cost of the initial item,

L
C(L) = c|1#M(L)-F(W) - F(WM(L-W) - f F(L-u)dM(u)] .
L-W
This formula is interesting for a couple of reasons. First of all,

it is not the same as the formula derived in [4]. The difference is

that in [4] Blitschke and Scheuer simply multiply the expected cost

c(1-F(W)) by the expected number of renewals M(L). Their technique

overestimates the expected cost because in actuality there is no cost

in the tails, past time L. Secondly, the two formulas are

surprisingly similar and, in fact, if one estimates the final term by

assuming F(T-u) = F(W) & ue[L-W,L] then '
L L

| F(t-uw)dM(u) = [ F(W)dM(u)
L-W L-W

= F(W)M(L) - F(W)M(L-W)
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and

{ C(L) = c[1+M(L)-F(W)-F(NMU(L)]

= ¢+ c(1-F(W))M(L)

which is the result found in [1]. 1In either case the limiting value
is
* C(L) _ c-FW))

=11
CI{;L u

The result follows directly from the fact that F(:) 1is bounded and
Theorem 2.2. V(T) in this case is c[F(T)-F(W)] and 1lim V(T)
T->eco

= c[1-F(W)].

K(t) can now easily be calculated since the total expected
cost to the manufacturer 1is simply the cost per item times the
expected number of items or ko(1+M(t)). Thus, the manufacturer's
expected profit in [O,L] 1is C(L) - k0(1+M(L)). As mentioned before
[Section 2.3], this does not reflect the typical expected cost to the
manufacturer due to the additional obligations the manufacturer may
have incurred at time L. To take these into account the values
x. T = 1(0) and E(kl) must be found.

T, the expected time until the consumer must pay for a new
v item, is easily found by conditioning upon the first failure time and

noting that if x; < W then the expected time is Xy + 1. The

formula is




RIS

Tl

- .

»

-

t:

. s

o

W . ®
1= (xtt) dF(x) + [ xdF(x)
0 W

= [ xdF(x) + 1F(W)
0

= u + tF(W) .

Solving for T,

T = u/(1-F(W)) = u/F(W) (by convention F(W) =1 ~ F(W)) .
A natural question at this point is whether or not Fz;).z w

for all F(+).

Lemma 3.2.1.

u
Proof:
o W [
u=/  xdF(x) > [ =xdF(x) + [ WdF(x)
0 0 W
W
= [ xdF(x) + W(1-F(W))
0
> WF(W) .
-32~
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Multiplying both sides through by §i%§ the above result is derived.
5]

To find the expected cost to the manufacturer until the consumer
must purchase a new item, a similar analysis is performed.
1 ©

g (kg + E(k;)) dF(x) + é k, dF(x)

E[kll

(ko + E(kl)) F(W) + ko(l - F(W))

Solving for E(kl), the expected cost to the manufacturer

k
-0
B T

and the expected profit per customer per unit time is

kg
0 " Fan _ Sof™ K,
u/F(W) " " *

The renewing warranty policy has the unique feature that
MG(t), the renewal function for the regenerative process S (as
defined in Section 2.3), can be explicitly calculated as a function
of W, F(t) and M(t). The analysis can be done directly or by

noting that C(L) = c0(1+MG(L)) since no payments are made after

time L. Thus,

-33-

e i ——— PP v oS




rvv PAMTETIET s W EEETTT W e

M (L) = M(L) - F(W) - FODM(L-W) - {I“w F(L-u)dM(u) .
T(L) can now also be evaluated as
T(L) = T(M,(L)+1) and
%—&‘-} = frﬂ for all L .

Example 3.2. If {xi} are distributed exponentially with parameter A,

then

L
ML) = AL = (e - -eMaw - [ (1me? C hgu
L-W
san-1+e ™oL +aw+eae ™ o awe™™ w1 - eV
= e L) for L > W .

As expected MG(L) is linear in L (when L is greater than W) for
the exponential case.

C(L), the expected cost to the consumer is

C(L) = 00(1+HG(L)) = ¢, +cq e-xw (OL-\W) .

T7(L), the expected useful life is

- AW
. | (L) Fon (1+MG(L)) =pe +L-W,
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For small W

2
L R e 51¥l~ = 1+ AW
and

T(L) = p+W+L~-W=p+1.

Likewise, the expected cost to the manufacturer is

A

o © v, ky (AL=AW)

K(L) = k

which for small W 1s approximated by k0(1+AL), the standard no-

warranty value.

Comparison 3.2. The price at which the consumer is indifferent between

purchasing an item with a renewing warranty and purchasing an item
c
(for co) with no warranty is found by comparing f?- for the two

*
policies. Cos the indifference price, is
Ll I
0 w FMW|{ Fw) *

From the manufacturer's point of view, the total profit under a
no-warranty system would be (co-ko)(1+M(L)). Under the renewing h

warranty system the total profit is

k
. 0
B (I (L)) = = (14 (L)

-35-
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where 50 is the price the consumer is charged under the warranty

policy. Equating these two equations and solving for s

) , o

eg = (egkp) an, @y * Fw -

Thus, the manufacturer is indifferent between selling a product for
Eo with a renewing warranty or selling a product for s without
warranty.

If the company is interested instead in profit per unit time,

then the appropriate measures are

co—ko coF(W)-k0
and —mm™WM—,
u H

Not surprisingly, these yield the same value for éO as does the

consumer's point of view.

Example 3.2. (continued). In the exponential case the price at which

the manufacturer is indifferent is

(co-ko)(1+AL)
T oW + koe
e (AL-AW)

W [ ¥, (eokt ]
e

AW

€0

L-W + L-W

*
and the price at which the consumer is indifferent is ¢y = t:()e>‘W .

=36~




3.3. The Pro Rata Warranty.

In the standard pro rata warranty policy the consumer is
charged a pro rata amount for a replacement item. Figure 3.1 shows
the amount the consumer must pay for a new item as a function of

the life length of the previous item.

cost

time of failure

Figure 3.1. Replacement Cost Pro Rata Warranty

Note that the consumer will pay a positive amount any time the item
fails. This is because F(0) = 0. This means that the consumer never
receives a free item and, hence, T(L), the expected process length,
is found as in Section 2.3 by (L) = n(1+M(L)).
The total expected cost to the manufacturer is likewise found

to be K(L) = k0(1+M(L)).

. The total expected cost to the consumer in the period [O,L]
is calculated by using the results of Section 2.1. In this case

‘ Y(x) 1is the cost function defined by Figure 3.1.

s o T T W =ty | -




L
Y(x) =
o x>W
and
T
V(T) = [ E(Y(X)|x = u) dF(u)
0
T cou
[~ dF) T<W
_Jo
W cou T
[ = dF@ + [ cqdF(u) T>W
0 W
c
T? Hr TeW
‘o
W MW + co(F(T)-F(w)) T>W

wvhere uA is defined to be

E(R(L)), the expected sum of the costs up until time L, satisfies

the renewal equation

L
E[R(L)] = V(L) + [/ E[R(L-u)] dF(u) .
0
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Hence,

L
V(L) + [ V(L-u) dM(u)
0

E[R(L)]

€0
Ty * Co(FIL-F(W)

W W
L-W ¢

+ . W W + co(F(L-u)—F(W)) dM(u)
jL CO

+ — u dM(u) .
LW W "L-u

Simplifying, we get

Uy g
E[R(L)]) = < M(L) + ol - F(W)| + ol - F(W) | M(L-W)

M
* {-w co{ Lu F(L—u)] dM(u)

The expected cost to the consumer up until time L 1is found

by adding the initial cost ¢y to the above value:

u

C(L) = c0(1+M(L)) + co[-% - F(w)] [14M(L-W) ]

L u
+ f c [—EZE - F(L~u)] dM(u) .
LW 0{ W

Since V(L) satisfies the hypothesis of Theorem 2.2, 1lim Eékl =

Lo

€|

*
where V = 1lim V(t)
to

-39-




Thus,

c) _ So%w co(1-F(W))

1im

Lo L Wu U
c W c (1-F(W))
0 0
- — xdF + ————,
T (f) (x) .

The long term average cost per unit of useful time (to the consumer),

%
c can now be calculated.

* cL) _ cL) . L
¢ = lm 7@y * {iﬂ L T

c(L)

Both I

and ?%iy are bounded and positive so the limit can be

taken separately over the two pieces yilelding

* couw cOF(W)
c = +
Wu u

If W=0 1in the pro rata policy then in effect one has the
base no-warranty-policy. Notice that in this event C(L) simplifies
to c0(1+M(L)), the identical formula derived in Section 3.1.

The following example calculates the above values for the
exponential case.

At

Example 3.3. If F(t) =1 -e then M(t) = At. <t(L), the

expected process length 1is

T(L) = p(1+AL)

~40~
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The total expected cost to the manufacturer is

K(L) = ko(l+AL) .

C(L), the total expected cost to the consumer is

u
c(L) = c0(1+M(L)) + CO[VW - F(W)][1+M(L-W)]

IL
+ ¢
Ly O

uL—u

Using the method of divide and

L

/

L-W

.....

(o4

0

F(L-u) Adu

o

L

W 0

L-W
conquer

L
f [l-e—A(L—u)] Adu
L-W

L
AW - c0 e“>‘L f Xexu du
L-W

W - ¢ e-XL [eA _ eAL—Aw

AW - co(l-e_xw)

—41-
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L~u
dF
f uL—u IL (f) xaFG)
c Adu = ¢, —————— Adu
LW 0 W 1-w 0 w
L ¢
= J' —‘?- [u-ue-x(L w) _ (L-u) e A(L-u)] ad
L-W
c L Le L
= o - _ﬁQ ue_u‘ f Ae'\u du-—w-(2 e.)‘L f Ae)‘u du
L-w L-W
c L
+ 70 e'-)\w J Auexu du
L-W

co-Z—ﬁ-uF(W)+c

Substituting in to the formula for C(L)

u
C(L) = o (1+M(L)) + cO[-‘-:—’ - F(W)] [1+M(@L-W)

[o4 [ 54
AW+ e F(W) + ¢ - 'wg WF(W) - TO WFW) + c. e W

~ % 0 0
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u u
W W -AW
c0[1+)\L+w+w A(L-W) - AW+ 1+ e ]

- -
+ cy F(W) [AW AL - 2 W ]

As expected, this equation is linear in L.
To get a feel for the meaning of this equation let A =1
(W.L.0.G.). This can be done by use of an appropriate time scale

without affecting the results. C(L) now simplifies to

Pu -W
CL) = ¢l + L+ [IHL-Wl -W+1+e

Recall that L 1is assumed to be greater than or equal to W

for this formulation, If L < W a similar analysis can be performed

C(L) = ¢

Lo LY
<y [} + Wow (1 e )] L<w,
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C(L) 1is plotted vs. L for various values of W 1in Figure
3.3.1. Note that C(L) drops off significantly as W increases.
This is further verified by Figure 3.3.2, a plot of C(L) wvs. W for
various values of L. In both graphs there 18 a discontinuity (in

the second derivative) at L = W,
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FIGURE 3.3.1

EXPECTED C@ST

3
TIME (L)

Expected Cost to the Consumer vs, Time for the Pro Rata Warranty
under Various Warranty Length Assumptions (assumes exponential
life lengths).
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FIGURE 3.3.2

. .

2 3
WARRANTY LENGTH (W)

Expected Cost to the Consumer vs, Warranty Length for the Pro Rata
Warranty under Various Time Assumptions (assumes exponential
11fe lengths).
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3.4. The Pro Rata Warranty with Delay

In the first generalization of the pro rata warranty policy
the customer is not charged if the item fails before time s. After
time s but before time W the customer is charged pro rata for
the time after s. Figure 3.4 displays graphically the amount the
customer must pay for a new item as a function of the life length of

the previous item.

cost

time of failure

Figure 3.4. Replacement Cost: First Generalization

As with all policies discussed in Chapter 3 a new warranty is issued
with each new item.

An important feature of this policy is that the consumer
receives a free replacement of the original item whenever the customer's
current item fails before operating for at least s units of time. 1In
this sense the policy acts exactly like the renewing warranty policy
analyzed in Section 3.2.

From the manufacturer's point of view, the costs up to time L

including possible obligations at time L are found by the use of
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Wald's Lemma. The renewal function is MG(L) as defined in
Section 3.2 with s replacing the W due to the free replacement
period now being [0,s].
L
M,(L) = M(L) - F(s) - F(s) M(L-s) - [ F(L-u) dM(u) .
L-s
The expected cost per cycle (recall that a cycle is defined as the

time between payments by the consumer) is also as in Section 3.2

ko

E[kll = §z;;

and the expected cost to the manufacturer is

R(L) = E[k;) (1 + M (L))

L
___k_O_ 1 + M(L) - F(s) - F(s) M(L-s) - [ F(L-u) dM(u){ .
F(s) L-s

1(L), the useful life to the consumer is similarly found to

o
be (1 + HG(L)), where 1 = s ’
L
t(L) = =f—| 1 + M(L) - F(s) - F(8) M(L-8) - [ F(L-u) dM(u) | .
F(s) L-s

From the consumer's point of view the appropriate cost

function Y(x) as shown in Figure 3.4 is,




 fon

e

-

= Xx-8
Y(x) 0 W-s <x<W

V(T), the expected cost of the first renewal up to time T, is

T
V(T) = [ E(Y(x)|x = u) dF(u)
0

(0

T<s
T u-s
-<f COEdF(u) s <T<W
S
W u-s T -
[ eq g dF) + £ ¢y dF(u) T>W

\s

The renewal equation as derived in Section 2.1 is once again

T
E(R(T)) = V(T) + [ E(R(T-u)) dF(u) ,
0

where R(T) 1s the total cost to the consumer up to time T not

including the initial cost ¢ The solution is

0°
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T
E(R(T)) = V(T) + [ V(T-u) dM(u)
0

W T
- co:Ts dF(u) + ¢, [ dF(u)
-] 8 W
IT-W ’ IW u-s IT—W fT-u
+ dM(u) - cn i dF(u) + c, dF(x) dM(u)
0 s 0 W-s 0 W 0
IT-S IT-u x=8
+ ¢, +— dF(x) dM(u)
T-W s 0 W-s
T
+ f 0 - dM(u)
T-s
<o cos
* s [uw-us] - s [F(W)-F(s)] + co[F(T)-F(W)]
<y o8
+ M(T-W) | o [“w'“s] - s [F(W)-F(s)]
T
+co M(T) = ¢ F(T) - ¢, [ F(T-u) dM(u) - F(W) M(T-W)
T-W
T-8 ¢ c.8 T~s

+] EQ; Cup_y~hg] dM(w) - w?—,, | [F(T-u)-F(s)) dM(u) .

T-W T-W

Combining similar terms
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M(D) + ¢ (ng - F(W))(1+M(T-w))

E(R(T)) = g

o T-s T
* s £-w by, dM(u) - g {-w F(T-u) dM(u)
<y Twg
+ e |7 ug Mg M(T-W) - {-w ng dM(u)
| €os T-s
+ 1o [F(8) (14M(T-8)) = F(W) (14M(T-W)) - [  F(T-u) aM(u)| .
-° T-W

C(L), the expected cost to the consumer up to time L, is

C(L) = ¢, + E(R(L)) ,

0

where E(R(L)) is as above. Unfortunately, this is quite a complicated”

expression. For large L this can be approximated by cL where

¢ = lim (1)
Too T

Lemma 3.4.1. For the delayed pro rate warranty policy

[o]

: 0
. : . s Diyig + sF(W - sF(s)] + ¢, (1-F(W))

u




T R R e T R . SRR "N I >,

Proof: V(T) 1is a bounded nondecreasing function so by Theorem 2.2,

x v *
¢ = — where V = lim V(t) . =
u trx

3.5. The Pro Rata Warranty with Rebate

The second generalization of the pro rata warranty also has a
"free period" during which the consumer receives a free item. However,
after the free period the consumer must pay the full pro rata cost. The

term rebate applies because

cost

CO T /

\
\
\
\
\
\
\
A
\
\
\
\

time of failure

Figure 3.5

Replacement Cost: Second Generalization

this policy is effectively a standard pro rata policy with the
customer receiving a rebate of the pro rata cost whenever the item
fails before time 8. Figure 3.5 displays graphically the amount the
consumer must pay as a function of the life length of the previous
item.

The expected cost to the manufacturer and process length are

identical to those for the pro rata warranty with delay as discussed

That 1is

in Section 3.4.

od




ko
K(L) = oy (1 + M (L))
and
-
(L) = gy L+ M)
where
L
Mo (L) = 1 + M(L) - F(s) - F(s) M(L-s) - [ F(L-u) dM(u) .
L-s

The expected cost to the consumer is found by noting that the cost

function
0 x <8
o
Y(x) = WX s <x<W
o x>W .

Following the derivation in Section 2.1,

v(T) =

and the solution to the renewal equation is
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T
E[R(T)] = V(T) + [ V(T-u) dM(u)
0

C

]

T-W
co[F(T-u) = F(W)] dM(u)

]

= 3 Dy = w1 + ¢ [F(D) - FQ)
IT-W c0 f
+ — [y, = u_ 1 dM(u) +
0 1% W s 0
T-s ¢
+ {‘-w w [uT u = Mgl dM(w)
o
= vy - uS] + ¢, [F(T) - F(W)
o
+ [uW - uS] M(T-W) - g F(W) M(T-W)

T
+c, M(T) ~c_ F(T) -c, [
0 0 o X"

c Cc

W

0
us[M(T-S) - M(T-W) ] + 7

F(T-u) dM(u)

T-8

/

dM(u) .
T-W v

U

Adding the initial term and simplifying somewhat,

C(L) = o (1 + M(L)) + o (W

L-s
u
L-W

[
+-2

W L-

~54-
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X Fw

o M) - e, {

)(1 + M(L-W))

L
F(L-u) dM(u)
-W




S

Ry

[

- T? b (1 + M(L-s)) .

If s =0 the first four terms are exactly C(L) for the standard
pro rata warranty and the last term ie zero since Mg = 0.

The difference in consumer cost between the standard pro rata
warranty and the pro rata warranty with rebate is now easily seen to

be

EQ L
W !

C
dM(u) + 70 b (1 + M(L-8)) .
L-s u 8

L-

Thus, if the consumer intends to stay in the system for L units of
time, this is the additional cost the consumer should be willing
to pay to add the rebate clause to his warranty (and to all future

warranties).
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CHAPTER 4

NONRENEWING WARRANTY POLICIES

Certain warranty policies do not start over or renew themselves
whenever a new item is issued. These policies include the standard
warranty policy and the generalization of it discussed in Section 1.2.
For these policies, the times of issuance of new items do not form a
regenerative process.

If, however, a new warranty is offered whenever there is a
cash transaction, that is, whenever the consumer must pay for a
replacement, then the times of payment generate a regenerative process.
This new process will have a different renewal function associated
with it along with different costs. Let this new function be MG(t)
with MG(O) = 0 by convention.

In each of the policies in this chapter the consumer either
pays the full price g to replace the item or else receives the new
item free of charge. Since the times of payment represent renewal
times the total expected cost to the consumer is

C(L) = c, (1 + MG(L)) .

0

Likewise, the total expected cost to the manufacturer and total

expected useful 1life length are found to be

K(L) = E(k)) (1 + M, (L)
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and

(L) = t(0) (1 + M, L)) .

Since MG(L) cannot be explicitly calculated except in
special circumstances, (i.e., F(x) distributed exponentially) and
even then it is extremely complex, the limiting approximation
MG(L) = % will be used when comparing the manufacturer's profit per
customer, P(L) = C(L) - K(L) = [c0 - E(kl)] 1+ MG(L)] .

The other comparisons are not affected due to the 71(L) term
in the denominator which cancels the 1 + MG(L) term.

If additional information is known about G, the distribution
function governing the cycle lengths, a better estimate of MC(L) can

be made. (A different proof to Theorem 4.1 can be found in Feller,

Vol. II [11}.)

Theorem 4.1. If G 1s a nonarithmetic distribution with finite
variance, oé = E(Z - r)2, then

2—12
| %

‘ 212

- |

lim MG(L) -

Lo

Proof: Let

h(L) = 1MG(L) +t-1L.
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L L L
[ h(L-u) dG(u) = T [ M,(L-u) dG(u) + TG(L) - [ (L-u) dG(u)
0 0 0

= ™, (L) - 16(L) + 1G(L) - [ (L-u) dG(u)
0

[

+ [ (L-u) dG(u)
L

= M, (L) + T - L+ { (L-u) dG(u) .

Rearranging terms, one notices a renewal equation

ad L
h(L) = [ (u-L) dG(u) + [ h(L-u) dG(u) .
L 0

The first part is monotone so by the Basic Renewal Theorem:

lim h(L) == [ [ (u-L) dG(u) dL
Lo Tot

=L [ [ (u-u) 4L decu) :

T o0 3

|

o 2 i

1 u |
- {, 5 d6(u)
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Recalling

[
-

T

L _h@ _
MG(L) T

2, 2
L 0G+'r
1im MG(L) - — = .———-—2 - 1
Lo T 2t

Thus, if oé is known (and typically it is not) a better

estimate of MG(L) is

02—12
L G
MG(L)“'t"-ZZ :
- T
! 4.1 The Standard Warranty Policy
R The standard warranty policy is the fixed time warranty. It

is typically offered with such items as automobiles, stereos,
B ’ televisions, washing machines and other complex, expensive devices.
In this policy whenever the purchased item fails before time W,

the item is replaced free of charge. The warranty, however, is not

-59-
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renewed. If the next item fails and the sum of the failure times of
both the first and second item is less than W (i.e., the warranty
has not expired yet), then another item will be issued once again
free of charge. This continues until the total time is greater than
W. At that point no more free items are issued and the consumer must
pay the full price for a new item.
The distribution of the first time of failure after time W
can be calculated via a renewal argument. Let vy(W) be the remaining

life of the current item at time W,

YOD = syner - ¥

and let
p, (W) = Pr{y(W) > ¢t} .
If x) is the time of the first failure then
1 x 2 W+t
P (W) = 0 Weox <W+t
pt(w—xl) x, < W .
Conditioning upon X1
oo W+t Ul
P = [ t:dF(x)+[ 0 dF(x) + [ p (W-x) dF(x)
W+t W 0
_ W
=Fw+te)+ [ p, (W-x) dF(x) .
0
-60-




pt(W) can now be solved for by use of the renewal theorem

W
p (W) = F(We) + [ F(We-x) dM(x) .
0

G(t), the distribution function governing the cycle lengths, is

found by noting

0 t <W
G(t) =
1-p (W) t>W.

Using this one can theoretically find oé,

where 1 18 derived later in this section. oé is a necessary value
to determine the bias in estimating MG(L) by -%} (see Section 4.1).

Frequently pt(W) is difficult to calculate. In these cases
knowledge of the distribution function of the items F(t) can some-

times be used to get bounds on pt(w). The following theorem is found

in Barlow and Proschan [2]). The proof is short and of interest.

Definition: New Better (Worse) Than Used. A distribution F 1is

said to be new better than used, NBU, if

F(x + y) < F(x) F(y) x>0,y>0.




Likewise F 1s said to be new worse than used, NWU, if

F(x +y) > F(x) F(y) x>0,y>0.

Theorem 4.1.1. If F 4is NBU, then

;' pt(W)_i F(t)

Proof: If F 1is NBU, then

W
pt(W) = F(W + t) + f Fw+ t - x) dM(x)
0
— - - w -
< F(W) F(t) + F(t) [ FW - x) dM(x)
0

W
F(t) [F‘(w) + [ FW - x) dM(x)]
0

. = F(t) [1 - M(W) + M(W)]

, = F(t) . &g
.

- If F 1is NWU, the same relationship (and proof) holds with the
v inequalities reversed.

The total cost to the consumer over one period or cycle is
S (since the consumer only pays once, at the beginning of the cycle).
' The expected length of the cycle, 1, is the expected time of the first

. failure after time W, which is found by Wald's Lemma, t = u(l + M(W)) .
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The expected cost to the manufacturer of a cycle is the cost of an

item times the expected number of items issued during the cycle or

ko(l + M(W)) .

MG(L), the expected number of cycles up to time L 1is diffficult

M. (L)

to calculate explicitly. However, it is known that i converges

to —%— and, hence, for large L, MG(L) can be approximated by

L
u(1+M(W))

The expected cost to the consumer per unit of useful life is

(L) c0[1+MG(L)] c

0
(L T[1H (1))

T )

.20
T

The expected profit per consumer can be approximated by

P(L) = L[c0 -k, - k0 M(W)1/u( + M(W))

0
and the expected profit per customer per unit time is

o

Py . S0 ko
(L)  u(1MMW)) u

Comparison 4.1, Comparing this policy with the no warranty policy,

*
the price c0 such that the consumer is indifferent between the two
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policies is found by equating the expected costs per unit of useful

life
*
_ % _%
p(1+M@W)]  w

c
or,

c; = c,l1 + MOD] .

The approximation to the price the manufacturer should charge to
break even is

cOL koL

w(MW)  w

* (cq - kp) (1 + ML)

or

. (egkg IMAWNUAMMW) ¥

o I " 1+ MW) .

As L + =

eo - (co - ko)(l + M(W)) + ky (1 +MW™)) = <o 1 + MW))

*
which is the same as CO .

Example 4.1. 1If {xi} is distributed exponentially with parameter

A, then




T=u(l +2AW) =u+W,

- = — and

Other interesting results can be derived in this specialized
case. The memoryless property of the exponential distribution implies
that at time W, no matter how many items have been replaced thus far,
the distribution of the current item from now on is exponential with
parameter A. Thus, a formula for G(t), the distribution function

for the cycle times, can be found.

L - o~ME-W) t > W

G(t) =

Likewise, G(n)(t), the convolution of G(t) with itseif n times,

is given by

o0

e-x(thnw)[k(t-nw)]k
k! -

G(n)(t) ~ ) k=n

0 t <nW .

MG(t), the expected number of cycles up to time ¢t 1is thus found

by the finite sum
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w@ =1 o= 1 ™
n=1 1<n<t/W

Making both sums finite,

M, (e) = ]

[1 ] nil e—x(c-nmmt_nw))k] .
l<n<t/W

1
k=0 k!

In the introduction to this chapter it was shown that

lim | M (L) ~ Y =
Lo T 21

where

2

2
o” = E{Z, -~ 1], (Z1 is the cycle length).

1

In this example, due to the properties of the exponential

d*stribution, 02 is equal to Az. A good approximation to MG(L)

is thus

B

M_ (L) =
G utw 2(u+W)2

To check the accuracy of this approximation,

2
L L o -7
MG(L), - and el 2
27

are plotted in Figures 4.1.1 - 4.1.6.
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FIGURE 4.1.:
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FIGURE 4.1.3

AT T T I T T 7 I T T T 1 I TV T T T
o -1
3 "
| W=1.0 i
: | A =20 _
b 3— —
w ~ -
|
< B —
=
L
= — -
4
2— —
O
w A
'—.
O
L L~ —
& /L _g-t
Ll B %" T 21’2 -
1 h —
;. [ 4
v, /T M) i
: ’ 0 L1 1 1 Ll [ | I 11 1 1 J i 11 | S I |
: 1 2 3 4 S 6
' TIME (L)
-‘ Expected Number of Renewals vs, Time for the Standard Warranty
. (assumes exponential 1ife lengths).

N e

N

-69-




EXPECTED RENEWALS

FIGURE 4.1.4

3
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Expected Number of Renewals vs, Time for the Standard Warranty
Policy (assumes exponential life lengths).
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FIGURE 4.1.5
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FIGURE 4.1.6
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4.2. The (T,W) Warranty Policy

The (T,W) warranty policy is a generalization of both the
standard warranty policy and the renewing warranty policy. It is
currently being used by such major electronics firms as Texas
Instruments. It provides greater consumer protection than the
standard warranty but less than the renewing warranty.

The initial item or product 1is issued with a full warranty
of length W. If the item fails at time £, < W, then the item is
replaced by the manufacturer, free of charge, and a new warranty of
length max(T,W -~ tl) is issued with the item.

As in the other nonpro rata policies discussed in this paper,
the total cost to the consumer over one cycle 1s exactly Co* The
other values of interest, the expected cycle length, 1, and the
expected cost to the manufacturer of a cycle are found by renewal
arguments. To simplify the necessary equations a slightly different

set of notation will be used.

warranty

renewing
[ period

0 X x+T

Let the total warranty length be x + T where the interval
(x, x + T) represents the period of time during which a renewing
warranty policy of length T 1is in effect. It is known from Chapter

3 that if an item fails during this interval the additional expected

k,

cost to the manufacturer is and the additional expected cycle

F(T)




length is If A(x) 1is the total expected cycle length of

-U
F(T) °
this policy and ty is the time of the first failure, then by

conditioning upon tl

X x+T g

A = - dF + =—— dF dF
(x) (f)clu(x t,) dF(t;) ’f( G0t D “HIM £, dF(t,)

- -ftdF(t:)+_

X
! dF(tl) + £ A(x = t;) dF(t,)

F(T) f

X

= w4t (F(x+T) - F(x)) + [ A(x - t) dF(t) .
F(T) 0

This is a standard renewal equation with T fixed and x as the

variable. It is solved by

A(x) = u +'—?—; (F(x + T) - F(x)) + uM(x)

F(T) f P(x + T -u) - F( x - u) dM(u) .

7, the expected cycle length, is clearly seen to be A(W - T) .

|

, T=u(l + MW - T)) +;(—;)— (F(W) - F(W - T))

- W-T

. + f'_(p'r-) [ FM-u) - F(W - T - u) dM(u) .
& 0
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The expected cost to the manufacturer of a cycle, E(kl), is

likewise found from the renewal equation

X *x+T k ©
B(x) = [ kj + B(x - t) dF(t) + [ dF(t) + [ 0 « dF(t)
0 x F(D X+T
ko X
=ky Fx) + = (F(x + T) - F(x)) + [ B(x - t) dF(t)
F(T) 0

where B(x) represents the total expected cost (not counting the cost

at time zero) to the manufacturer of a cycle. Solving for B(x),

k x
0
B(x) = ky F(x) + = G (F(x + T) - F(x)) + kg £ F(x - u) dM(u)
k x
+ = F(T) [ F(x+T-u) - F(x - u) dM(u)
ko
= ko M(x) + =—— ) (F(x + T) - F(x))
ko X
+ ) é F(x + T - u) - F(x - u) dM(u) .

The expected cost of a cycle is

E(kl) = ko +BW-T) .
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It is not currently known how to calculate MG(L), the

expected number of cycles up to time L. Nor is it known how to

find 02 the variance of the distribution function governing

G
MG(L). However, the approximations of the last section are still

valid,
c) . %o
(L) T °*
and
P(L) _ EQ _ k0+B(W-T)
(L) 1 T :

Example 4.2. 1If the life lengths of the individual items are

distributed exponentially with parameter A, then

AT

(e—kx _ e-k(x+T))

A(x) = u(1 + Ax) + pe

x
+ uekT f e-A(x—u) _ e-k(x+T—u) \du
0

X
-A(x~ - <A A
=+ x+ ye Mr=T) _ ue Ax + ueAT e X f 2t du
0

X
- ue-xx I XeAu du
0
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T T I T e

m ot x e O AR AT A GeT) A
= x + ueAT .
Thus,
T=A(W-T) =W ~T+ ueXT .
Likewise, ;
B(x) = kg Ax + kg et (e e A D),
X
+ kg eAT I e-A(x—u) _ e-A(x+T-u) Adu
0
=k, Ox+ e - 1)
and
E(k,) =k, AW - T) + 1) .
1l 0
The expected profit per item sold is ¢y ~ E(kl)
=cy - ko (AO(W-T) + exT) and the expected profit per consumer

per unit time is approximately

AT
A(W—T)-koe

pL) _ SoE(k) <ok

T AT

T (L)

W-T+ue

PG |, O e L




For small AT the exponential term can be approximated by

2
e”=1+xT+Q‘-§-—)-—

in which case

2
- _ (AT)
E(kl)-ko(m AT+1+AT+——~—-—2 )

2
- on -
k0(1+xw+ > |-

Recall from Section 4.1 that for a fixed warranty of length W, the
total expected cost per cycle to the manufacturer was ko(l + Aw).
Thus, if T 1is small relative to the expected life length of an item
(AT = i%— is small) the extra cost per item sold can be approximated

by

This approximation is valid in many instances even when the life
lengths are not strictly distributed exponentially. For instance, if
the failure distribution is approximately exponential during the
period [0, W] with parameter A then the approximation is still

valid independent of the distribution after time W. 1In this case,
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n o= (;\)_1 will frequently be greater than or equal to u and

k T2

o will provide an upper bound on the expected additional cost

Zuz

per unit sold.
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CHAPTER 5

THE OPTION OF REPAIRING

When an item under warranty fails, the manufacturer is often
faced with the decision of whether or not to repair the item in lieu
of replacing it. 1In this chapter it will be assumed that the manu-
facturer has decided to replace whenever more than a certain amount of
time, s, remains in the warranty and repair whenever at most s 1is left
in the warranty. This policy is depicted for the standard warranty
policy in Figure 5.0. The (D and (2) denote new and "used" items re-

spectively.

replace repair
0 W-s W
W
s
Figure 5.0

A Replace-Repair Policy for the Standard Warranty

In Chapter 6 conditions will be derived under which this type of policy
is optimal and the question of repairing vs. replacing wfll be discussed
in detail.

It will be assumed throughout that each time an item is repaired

1 fixed cost of ¢y is incurred by the manufacturer and the repaired

crom has a life distribution Fz(t). For notational convenience, ¢y




and Fl(t) will represent the manufacturer's cost and life distribution

of the replaced (or new) item, respectively.

3 5.1. The Renewing Warranty Policy

<:> repair
®

Figure 5.1 i

The Repair-Replace Policy for a Renewing Warranty

Recall that in the renewing warranty policy whenever a new item
is issued a new warranty of length W is also issued. Since the re-
place-only option has previously been examined (see Section 3.2), the
only repair-replace policy which needs to be considered is the policy

~ with s = W.

The quantities of interest are still +t and E(kl). To find

T P Rt . € 3 T T P LA L ST PP . 4 M. YT 5 < 1

these it is necessary to condition upon the first time of failure, t,

and use the formulae derived in Section 3.2.

)
i
i
£
]
;
1
i
¥

N e

¥ fw M, j,°°

: T = t + = dF_(t) + tdF, (t)
0 Fpw) 1 Wt

Y2

N "Mt E W R
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W C 00

2
E[kll =c + f =

L Em dF, (t) +£ 0 - dFl(t)

czFl(w)
cl+—.:——*.
FZ(W)

Example 5.1. If the repaired item has the same life length distribution

as the original then

uF (W) u
T= =" = =
F(W) F(W)
and
czF(W)
E(k = + —=
) = e * T
If in addition the distribution 1s exponential with parameter
A, then
AW
T = je
and
AW
E(kl) cp -cy t c,e .

5.2. The Standard Warranty Policy

In the standard warranty policy the item and all necessary re-

placements are replaced or repaired free of charge if the failures
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occur before time W. The replace-repair policy is shown pictorially
in Figure 5.0. For notational convenience the equivalent notation of

Figure 5.2 will be used to analyze this policy. The analysis will use

replace repair
0 X x+s
Figure 5.2

An Equivalent Replace-Repair Policy

the same techniques that were used in Section 4.2.
Let A(x) represent the total expected cycle length of the
policy depicted in Figure 5.2, Conditioning upon the first time of

failure, t, and using the results of Section 4.1,

b. 4 oo
A(x) = [ t+A(x - t) dF (t) + [ tdF, (t)
0 x+s

x+s
+ i t+ (1 + Mz(s +x - t)) dFl(t)

x+s X
=y + ’{ My (1 + My(s + x - t)) dF, (t) + (f) Alx - t) dF,(t) .

Solving for A(x) via the renewal theorem,
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x+s
AG) = u L+ M) + [ w1+ My(s + x - t)) dF (¢)

+ é i (1 + My(s + x - £ - u)) dF, (t) dM, (u) .

As in Chapter 4, T = A(W - s) so,

W
T = ul(l + Ml(w - 8)) + &_S u2(1 - Mz(w - t)) dFl(t)
W-s W-u
+ é é u, (1 + M,(W - t - u)) dFl(t) M, (u) .
-8-u

The expected cost to the manufacturer of a cycle or the expected
cost per item sold, E(kl)’ is found by letting B(x) represent the

total expected cost (after time zero) of a cycle.

Ix Ix+s
B(x) = c, + B(x - t) dF,(t) + e, (L +M(x+s8 ~t)) dF, (v)
0 1 1 x 2 2 1

x+s X
= ¢,F (x) + i &y (1 + My(x + 8 ~ £)) dF (£) + g B(x - t) dF, (t) .

This is in the form of a renewal equation and can be solved using the

renewal theorem.
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x+s
B(x) = chl(x) +:{ c, (1 + My(x + 5 - t)) dFl(t)

x

+ c,F. (x ~ u) dM, (u)
(f) 171 My
Ix fx+s—u

+ c, (1 + M (x+s -t - u)) dF_(t) dM, (u)
0 x-u 2 2 1 Ml
X+s

= clMl(x) + i c2(1 + Mz(x + s - t)) dFl(t)

X xts-u

+ c2(1 + Mz(x +s -t - u)) dFl(t) dMl(u) .

O

X-u

The total expected cost of a cylce is E(kl) = ¢, + B(W - s).

1
The following theorem will be used in Chapter 6 to prove the

optimality of certain types of replacement policies.

Theorem 5.2. If Fl(x) is exponential with parameter X, then

B(x) = clklx + h(s) where h(s) is a function of s and Mz(-) only.

Proof: If Fl(x) is exponential with parameter A, then

x+s-u
c2(1 + Mz(x + 8-t -u)) dFl(t)
x-u
x+s~u At
=f c (1 +My(x+s -t -~u)) ke " dt.
x-u
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Using the change of variables

-Ax Au js

¢,y (1 + M, (s - y)) e ay .
0

y=t+u-~x=e

Substituting into the equation for B(x) and realizing that the above

£ identity also holds for u = 0,

-
“Ax S -1
B(x)=c)‘x+exfc(l+M(s-y)) re VY dy
1 0 2 2
X s
¥ / e [ e,(1 +M (s ~V)) re Y dy Adu
2 2
0 0
-ax S .Y
=c,Ax + e IC(1+M(s—y)))\e ydy
1 0 2 2
X s
‘ +e)‘xf )‘e)\uduf c2(1+M(s-y)))\e)‘ydy.
* 2
- 0 0
!
¢
: -Ax X Au -Ax
: Noting e f e du=1-e¢e .
0

s
B(x) = cl)\x + f cz(l + Mz(s -vy) )‘e—)«y dy
* 0

5 = c;Ax + h(s) .




The above formula for B(x) can be verified virtually by inspection.

If Fl(x) is exponential, then the expected number of renewals during
the interval [0, x] 1is Ax. The memoryless property of the exponential
distribution implies the distribution of the remaining life of the
current item at time x 1is still exponential. Hence, by conditioning
upon the first failure after time x, the above formula for B(x) 1is

seen to be true.

Example 5.2. If Fl(-) and FZ(-) are exponential distributions with
parameters Xl and AZ respectively, then 1, the expected time until
the consumer will have to pay for a new item, is found from A(W-s).

Using the results derived in the proof of Theorem 5.2,

AW - 8)

~
H

8 -)‘ly
ul(l + xl(w - s8)) + é M, 1+ Xz(s -y) Xle dy

s —kly
+W-5+ u2F1(S) + sFl(s) - f lee dy
0

a1

Hy +W-3s5+ (u2 + s) Fl(s) - + ue + se

-\.8 -A,8
e + u

W-8+ uz - uz
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The above formula can also be verified by inspection., At time
W - s, a new item with distribution Fl(-) is operating. It will fail
within the next s wunits of time (i.e., before time W) and be repaired
with probability Fl(s). Thus, with probability Fl(s) the remaining
expected life at time W is Hye If the item at time W - s does not
fail during the next s wunits, then due to the memoryless property of

the exponential the expected remaining life is and hence,

Y1
T =W+ uzFl(s) + ulﬁl(s) .

The total expected cost to the manufacturer of a cycle can also
be looked at as the total expected cost to the manufacturer per item sold.
In either case it is E(kl). Using Theorem 5.2,

s —)\y
_ 1
E(kl) =c¢y + clxl(w - 8) + g cz(l + Az(s -y)) Ale dy

-Als -Als
cl + clkl(w - 8) + c2(1 - e + czkzs l-e

s -A.y
1
- czkz é xlye dy

-A,8
1
cy + clll(w - 8) + c2(1 + 123) (1 - e ) - cz)\zu1

+ czkzule +c Azse

e = e ey s s




v o T e e, N,

=cy + clxl(w - 8) + c2(1 + Az(s - ul))

+ (c2A2u1 - c2) e

Notice that 1if s = 0 the formula simplifies nicely to

c; + clklw, the value derived in Section 4.1. Also, if ¢y = cy and

A; =)

1 2 the same value is derived,

E(kl) =c + clxl(w - 8) + ¢y + clxl(s - u,)

1

-A.8

c,) e

ey -

= c1 + c1Xf4 - clxls + c1 + clxls - c1

c, + c,A W .

5.3. The (T, W) Warranty Policy

In the (T, W) warranty policy the item is replaced or repaired
free of charge any time the item fails before time W. 1In addition, a
new warranty of length max (W - t, T) 1is issued with the replaced or
repaired item. Since the new warranty is at least of length T, the only
replace-repair policy that needs to be considerec is as depicted below

in Figure 5.3.1.
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repair

replace

® @ |

renewing
warranty J

)

|

Figure 5.3.1

The Replace~Repair Policy for the (T, W) Warranty

For notational convenience, however, the equivalent policy in Figure

5.3.2 will be analyzed.

repair
renewing
replace warranty

©) | @ |

A~

x+s x+8+T

Figure 5.3.2

An Equivalent Policy

: Let A(x) once again represent the total expected cycle length

of the above policy. Conditioning upon the first failure time, t, and

using the results of Section 4.2

v,

N . .

: Ax) = [t + A(x-t) dF (t) + [ = tdF, (t)

: 0 xt+8+T

: fx+é fx+§+T ™

) + t + a(x+s-t)dF, (t) + t + = dF_(t)
1 8 FZ(T) 1

X




-

where a(-) 1is found from Section 4.2 to be

U

2
a(z) = u, + gz——; (Fz(z +T) - Fz(z)) + uzMz(z)
My z
+ = f (z+T-1u) - F(z - u) sz(u) .
FZ(T) 0
Letting
R x+s . x+8+T uZ
D ’ = + - dF + = dF s
G 9 = [ atxtd-0dR© ] RORI
© X
A¥) = [ tdF, (t) + D(x, 8) + [ A(x-1t) dF (t)
0 0

X
u; *+ Dix, 8) + [ A(x-1t) dF, (t) .
0

By use of the renewal theorem

X

A(x) = u (1 + M, (x)) +D(x, 8) + [ D(x-t, 8) aM, (t) .

0

7, the expected cycle length is found by reverting back to the notation

of Figure 5.3.1.

W-8

tT=u(L+MW=-38)+DW-88~-T+] DW-8-t,s~T) d4(t) .

0
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The expected cost to the manufacturer of a cycle, E[kl] is

similarly found from

X x+8
B(x) = [ ¢ +B(x=-t) dF (t) +[ ¢, +E(x+3-1t)dF(t)
0 x
fx+§+T <,y
+ = dF. (t)

where B(x) represents the total expected cost (not counting the cost
at time zero) to the manufacturer of a cycle and E(<) 1is (from Section

4.2)

[

E(z) = cMy(2) + ;;%;; (Fy(z + T) = F,(2))

C z
2
§2(T) g (Fy(z + T - ) - F2(z - u)) sz(u) .

+

Letting

D(x, &) = ¢ Fy () + ¢, (F, (x - 8) - F (x))

c
2 A -
+ §2(T) (Fl(x +8+T) - Fl(x - 8))
x+s )
+ E(x + 8 - t) dFl(t) .
x
and using the renewal theorem,
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~ -~ x ~ ~
B(x) = D(x, s) + [ D(x - t, s8) dM, (t) .
0

The expected cost per cycle is thus

W-s
E[k1]=xl+f)(w-s,s—T)+I DW-s-t,8-T dM(t) .
0

Theorem 5.3. If Fl(-) is exponential with parameter A, then

B(x) = clllx + h(s, T) where h(s, T) 1is independent of x.

Proof: If F1(°) is exponential with parameter )\, then by use of
the memoryless property of the exponential

B(x) = clxlx + h(s, T)

where hl(s, T) represents the total expected cost of the policy in
Figure 5.3.3.
~ <:) renewing
.; warranty
@ ©)

0 s~T s

Figure 5.3.3

s As can be seen by the figure, h(s, T) is independent of x and, in

fact, is a function of s, T, and Fz(-) only. =
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Example 5.3. If Fl(') and Fz(-) are exponential distributions

with parameters xl and Az respectively, then 1, the expected

time until the consumer will have to pay for a new item,is found from
A(x). As in Theorem 5.3, this gsimplifies to x plus the total expected
length of the policy depicted in Figure 5.3.3. Using the results of

Example 4.2,

s-T )\2'1‘ -)\ly
A(x) = x + [ (s-T+u2e ))‘e dy

0 1

s A,T ~Ay © -\y
+f y'!-uze2 )\le L dy+f ykle L dy

s-T s

AT -, (s-T)
=x+(s—T+u2e2)(l-e1 )

. Az'r( -A, (s-T) -Als)
vae e - e

2

=X, (s8-T) -\.8
+ ul(e 1 - e 1 )

~\.8 =2, (s-T) -\, s -\.8

-sel-!»(s-'l‘)el + se + e

A,T -\,8 A, T A,T
.x+s-—T+u2e2 + e 1 [ulel —uzez].

v 18 found from A(W - s) .
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The total expected cost, to the manufacturer, of a cycle is

found from Theorem 5.3 and Example 4.2

s-T XZT

E(k)) = ¢ + ¢\ x + (f) chy(8 = T - t) + cye © dF, (¢)

js AZT
+ c.e dF. (t)
S=T 2 1

-Xl(s-T))
=< + clklx + czxz(s -T) {1 -e

A,T -A.8 ~A, (s-T) -, (s-T)
+ c, e 2 (1 ~ e 1 )- c2A2 (ul - ule 1 - (8-T) e 1 )

A,T

- 2
=c + clxlx + czkz(s -T7T- ul) + c,e

A,T A,T
1l 2
+ c,e (Azule - e ) .

To get comparable values use x = W - s,

5.4. Optimal Replace-Repair Policies for Exponential Distributions

Given the fact that the manufacturer wishes to have a replace-
repair policy and assuming that the manufacturer wishes to maximize
expected profit per item sold, the optimal policy for the exponential

case can be found. This optimal policy will be derived for both the
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standard warranty policy and the (T, W) warranty policy. In both
cases the optimal policy will be derived by finding s*, the value of
s that maximizes the expected profit per item sold.

Consider the standard warranty policy as depicted below in
Figure 5.4.1. Assume replaced and repaired items are all distributed
exponentially with parameters Al and Az and costs ¢y and <,

respectively.

replace repair

@

0 W-s w

Figure 5.4.1

Standard Warranty Policy

Theorem 5.4.1. If ¢, > ¢ and clxl < czxz, then the value of s
that maximizes the expected profit per item sold for the standard
warranty policy is

* c. A, =-c,A
8 = min (— My In [—lxl:—z—% ] s W] .
C2*1” C2%2

*
Furthermore, 8 is positive.

Proof: The expected profit per item sold is ¢y - E(kl). Thus,

maximizing profit is equivalent to minimizing E(kl). From Example 5.2
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E(kl) =c + clll(w - 8) + c2(1 + Az(s - ul))
3
—Als i
+ (c2A2u1 - cz) e :
22E(k,)
E(kl) 1s convex in s 1f ——5— > 0 for all s.
9s
BE(kl) —Xls
s - clkl + czkz + (cz)\1 - czkz) e .
aE(kl)
';;7{“ = A (e, (0, - Al)) .
s
Thus, E(kl) is strictly convex in s 1iff Xz > Xl. Note that this

condition is a result of the hypotheses that ¢y > ¢y and clkl < czlz.

Since E(kl) is convex the value of s that minimizes E(kl) is that

BE(kl)
value of s that sets s = 0,
-Alé
- clxl + czxz + (cle - czkz) e =0 .
Solving for s,
ey 1n [°1*1'°2‘2]
1 CZXI-CZXZ ‘A

= p, 1n [Ezfiz:ill]
1 czkz—clkl
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The condition AZ >X, implies the necessity of czkz > clll because

1
otherwise the logarithm would be of a negative number. In order that

s be positive it is further necessary that

cz(k2 - xl) > czkz - clxl or,

Thus, the necessary conditions for s to be positive and the point of a
global minimum are ey, < ¢ and c2x2 > clxl. The fact that E(kl) is
convex insures that if g8 > W then the minimum feasible cost occurs when

8 = W. 2]

Using the results of Theorem 5.4.1 it is possible to graph the
values of s* for various values of €15 Cos Al, and Az. A plot of
these values is given in Figure 5.4.2. Without loss of generality
temporal and monetary units have been adjusted so that ¢y = 1 mounetary

unit and n, = 1/A; = 1 time unit. The equation for s simplifies to

cz(lz-l)

czkz-l

s = 1n

with c, <1 and czxz >1 or, Hy < ¢, < 1,

L

caimatbon




@PTIMAL SWITCHING TIME (S)

1 2
L |
0 W-s
switching policy
My = .05 FIGURE 5.4.2 uy, = .8
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- — =1
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| uz—.lo _ u1=1unit
=.4
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A similar analysis can be performed for the (T, W) warranty

policy. The notation used will be that of Figure 5.4.3, with x

repair
renewing
rjéé;ce warranty
) W-T-x W-T W
“W
x T

Figure 5.4.3

representing the amount of time before the renewing warranty period begins

after which the manufacturer should begin repairing in lieu of replacing.
* *

Under the previously defined notation s = x + T.

The total expected cost to the manufacturer per item sold is

E(kl). From Section 5.3, using the appropriate change of notation,

AZT

+ clll(w -T-x) + czkz(x - ul) + c,e

E(kl) =c

=X, (x+T) AT AT
1 (Auel_ez).

+cye 21

2

The optimal replace-repair policy for this warranty will be
derived in Theorems 5.4.2 and 5.4.3 (depending upon the value of T).
Throughout the theorems and proofs, the "feasible values of E(kl)"
will refer to x € [0, W - T] . The other feasible policy is the

replace-only policy which will be considered when appropriate.
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Theorem 5.4.2. If

clkl < CZAZ

*

then there exists a nonnegative value of x, x , that maximizes expected

profit per unit sold for the replace-repair policy of the (T, W) warranty
*

as depicted in Figure 5.4.3, Furthermore, the value of x 1is

(XZ-AI)T

* l; Ay—c A e
X =min {W - T, Hy In l_z 2_21

ch9=¢ M

To prove this theorem three short lemmas are needed.

Proof: By hypothesis




Ty Lo

Lemma 2:

c A
0<Ai>‘ ln-(-:l<xf)‘ 1n-)‘—2 .
271 2 271 1
Proof:
0 < clxl < CZAZ by hypothesis .
Thus,
c A
O<_1<A_2'
€2 M

0<>‘£>‘ ln—1<)‘_]:>‘ 1n)‘—2. 1553
271 %2 2™ 1
Lemma 3: If
[od
T< () o ln
271 2

then the expected cost per item sold when x = 0 1s less than or equal to

(greater than) the expected cost per item sold for the replace-only policy.

Proof: The E(kl) when x =0 {is
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AZT

E(kl)|xso =cy Fe (W -T) - cyhu, +cye

-\, T AT A, T
1 1 2
+ cze (Azule - e )

AT (AZ—AI)T

2
= c clxl(w -T) + c,e - c,e .

1+

The expected cost with no option of repairing is found in Section

4.3

AT

clkl(w -T) + cle

Thus, the x = 0 policy is "better than' or equal to the replace-only

policy 1iff

c, + c,e - cze < cle iff

AT -A,T
e 1 (1 - e 1 ) iff

Taking logarithms and rearranging terms via Lemma 1, this is seen to be

equivalent to
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which 1s the hypothesis. X

Proof of Theorem 5.4.2. The expected profit per item sold is <y minus

the expected cost to the manufacturer of a cycle or o = E(kl). Thus,
maximizing profit is equivalent to minimizing E(kl). The first thing
to note is that by Lemma 3 and the third hypothesis, the expected cost
of the (W, T) warranty with no option of repairing (i.e., the replace-
only policy) is greater than or equal to the expected cost with the
option of repairing. Thus, the optimal policy includes repairs.

To find the optimal value of x it is necessary to take the

derivatives of the equation for E(kl).

EEEEE;21-= ¢, A, = C A, + c,e Alx (A eo‘2 XI)T - )
9x 272 171 2 1 2 *
32 [E(k,)] A x O )T
“__‘_1—‘—‘ = A c.© 1 (A - A,€e 2 1 )
3 2 172 2 1 *
X

The formula for E(kl) is convex in x since
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a2
—5 [Ek))] >0 iff
X
(A,=2)T
21
A, - Ae >0 833
\ |
T < : Ex 1n iz s 1
271 1 |

which is true by Lemma 3 and the third hypothesis.

The point x at which the first derivative is zero is, thus,

the optimal point, if feasible, and is found from

- X (A,=A,)T
_ 1 271
0=cpdy-cypyp te (szle - szz)
Solving for x,
c, A -c,A (XZ-AI)T
A=y 1n|-22 €2M1¢
1 CZAZ —clxl

PN

X 1is nonnegative if the numerator is greater tham or equal to the denomi-

nator (the denominator is positive by hypothesis) or if

Rearranging terms and using Lemma 1, this is equivalent to
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the third hypothesis. Thus, i is nonnegative.
As in the proof of Theorem 5.4.1, E(kl) convex in x implies
that if x > W - T, then the optimal feasible value of E(kl) occurs

at x=W-T, =

Theorem 5.4.3. Under the hypothesis of Theorem 5.4.2 with

3") T > oy In —=

the optimal replace-repair policy is to always replace.

Proof: 1If

o 1n . < T« WY 1n v

271 2 271 1

then E(kl) is convex in x by the proof of Theorem 5.2. The value
of x that minimizes E(kl) is still
N e(kz—kl)T
€2%27%M

= In cyhymeihy :

By the above assumption,
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had -t i

c A
1 1 1 2
In =< T < —— 1In —
Az-kl <, Az-kl Xl
which implies by Lemma 1
c A
1 2
In = < (Az-xl) T < 1n Sk
2 1
Exponentiating each term
¢y (AZ—AI)T Az
— < e <X_ or,
€2 1
(A,=2,)T
21
clkl < czlle < X2c2 .

Subtracting czxz and multiplying by minus one,

(A,=A)T
- C, Ay > Cohs - czkle 21 >0,

I L LY

€2

Finally, dividing through by czxz - clxl and taking the logarithm
(xz—x )T

1
czxz«clee

< 0.

In
c2x2-c1x1

This implies x < 0 (from the formula for x) which in turn implies the

*
optimal feasible value occurs at x = 0, due to the convexity of E(kl).
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However, Lemma 3 states that if

C
X ix n 2>
2™ %2

then the always-replace policy is superior to the x = 0 policy. Thus,

if

271

the optimal replace-repair policy is to always replace.

1f
A
T > —)‘i—)‘ In TZ_ then,
2™ 1
G o gx Gy
ax Ca%2 1"1 T 6® 1 2

is greater than or equal to zero for all x. Thus, the minimum feasible
cost occurs at the minimum value of x or, at x = 0. By Lemma 2 and
Lemma 3 once again, the always-replace police is superior to the x = 0

policy.

Hence, combining the two cases, if

271 €2

then always-replace is optimal.
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Figure 5.4.4 is a plot of x vs T. By use of appropriate

scaling My < 1 and ¢, = 1. This simplifies the equation for X to

(A,-1)T
A,-C,€
~ C2h27Cy
x = 1n e -1 .
2"2

By assigning c, a reasonable value, 0.6 for instance, x can be

plotted as a function of 12 and T. 1In this figure AZ takes on three

values 0.55, 2.0 and 3.0.
Figure 5.4.5 is a graph of the same values but with the s notation.
Recall that in the s notation whenever an item fails under warranty it is

replaced if the remaining warranty length is greater than s and repaired

otherwise.
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CHAPTER 6

OPTIMAL REPAIR POLICIES

In the previous chapter replace-repair policies were discussed
and analyzed in detail. 1In particular, the optimal replace-repair
policy was derived for various warranties under the assumption of ex-
ponential 1life lengths. A natural question that arises from this
analysis is: "When is a replace-repair policy optimal?”" The answer is
not a simple one, even when it is limited strictly to the standard
warranty, due to the intricacies of the many different possible life
length distributions.

Throughout this chapter it will be assumed that when an item
under warranty fails, the manufacturer has two options: replace the
item with a new item at a cost s OT repair the item at a reduced

*

cost cy < Cqe It will also be assumed that the warranty policy is

1
the standard warranty (as defined in Chapter 2). Optimal policies will
be derived by the use of continuous dynamic programming techniques.

Whenever an item under warranty fails the manufacturer is faced
with the decision of whether to repair or replace the item. If the
cost of repairing is greater than the cost of replacing, the manufacturer
will usually choose to replace. If not, the manufacturer must make some

estimate of the trade-offs that exist between the cheaper cost of re-

pairing and the possibly larger probability of failure during the

*In general one might also with to assume that the repaired item is
degraded in the sense that u,, the expected life of the repaired itenm,
1s less than y;, the expected life of a new item. However, this
assumption is not necessary for the results that follow.
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remaining warranty period. (If the failure distribution of the repaired
item is stochastically less than that of a new item for the remaining
period of the warranty, then clearly the manufacturer should repair
instead of replace.)

Whenever the remaining warranty length is small (for instance, no

remaining warranty) and c, < Cq» the manufacturer should repair. Using

2
the notation of Chapter 5 let Fl(-) represent the failure distribution
of a new or replaced item, F2(°) the failure distribution of a repaired

item and s the amount of time before the end of the warranty that one

repairs instead of replacing.

Theorem 6.1. If c, < ¢y and Fl(O) = F2(0) = 0, then there exists a
replace~repair policy with nonzero s that is at least as good as the

replace-only policy in the sense of minimizing expected cost.

Proof. Let Ml(t) and Mz(t) be the renewal functions associated
with Fl(t) and Fz(t) respectively. Ml(t) and Mz(t) are thus
bounded and nondecreasing in t. Also, by the bounded convergence
theorem Ml(t) and Mz(t) are right continuous. Hence, for all

€ > 0 there exists a 6 > 0 such that
|t - 0] <& implies |M2(t) - M2(0)| <e.

In particular, if ¢ = (c1 - c2)/c2 (greater than zero by

hypothesis) then there exists a 60 such that




€17%
t < 60 implies Mz(t) < .

2

If a failure occurs during the interval (W - GO,W] then the total
expected cost of the replace-only policy is

cy + clul(t)
where t 1is the remaining time in the warranty. Likewise, the total

expected cost of a repair-only policy is ¢y + c2M2(c).

Recalling that t < 60

c, (e, -c,)
271 "2
cy + czMz(t) < e, + )

<c t clMl(t) .

Thus, if a failure occurs during the interval (W - GO,W] it is )
better to repair than it is to replace and by the nature of the total
expected cost calculation, the replace-repair policy with s = 60 is

at least as good as the replace-only policy.

The reason for equality in the above theorem is that under

certain Fl(') failure distributions it would be impossible to have a

failure during the interval (W - GO,W]. For instance, if Fl(-) were

degenerate at point 2W then no failures would ever occur during the
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warranty period and the total expected cost to the manufacturer would
be ¢y for any repair policy.

Now that it has been shown that the replace-repair policy is at
least as good as a replace-only policy, the next question is: when is
a replace-repair policy not optimal? The following example reveals some
of the difficulties in this problem. It should be noted that the diffi-
culties are not simply a result of the degenerate distribution. In fact,
if the distribution were '"smoothed" just enough to remove the degeneracies

a similar optimal policy would still occur.

Example 6.1. A Replace-Repair-Replace-Repair Optimal Policy
Let Fz(-) be such that the probability of failure at time 3 is
1/2 and the probability of failure at time 6 is also 1/2, as depicted

below.

1
Fz(t) 1/2 :[

0

Figure 6.1. Fz(t) for Example 6.1

The expected life length of a repaired item is thus

My = (6 +3)/2 = 4.5 .

Let Fl(o) be exponential with parameter u = 10. Let ¢ = 1,

c, = 8/9 and W= 7.
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Using the techniques of continuous dynamic programming (that is,
working backwards), one can see that if a failure occurs during the
interval (4,7) then the total expected cost of replacement is at least
1 and the total cost of repair (not expected total cost since no failure
can occur for at least 3 time units) is 8/9.

During the interval (1,4] the total expected cost of repairing

is
8,1 18, 12
9 + 2(0) + 2(9) 9 1.33 .
The total expected cost of replacing is
1+£‘—'£+j3§>\e'>‘t=1+l‘—"t—+§(26)=-123+";t
10 0 9 10 9 ' 10 °

Thus, during the interval

(1,2.97] it is cheaper to repair,
(2.97,4] it is cheaper to replace,

(4,7] it is cheaper to repair .
During the interval (0,1] the total expected cost to repair is at least

8

+3 @ +% (1.23) = 1.95

ol
N =

while the total cost to replace is at most




7-t
1+ 10 <1l.7.

Thus, the optimal policy is as depicted in Figure 6.2.

replace repair replace repair
0 1 2

3 5 6 7

S

Figure 6.2. Optimal Policy for Example 6.1

A point of interest in this example is that not only is <y >c,
(requiring that an optimal repair policy end in repairs as per Theorem
6.1) but ¥y is also less than ul.

One should also note that the equation to solve for the optimal

policy is

t

cj*(t-x) + V*(t - Xx) dFi(x),

*
V (t) = min ¢y + f
i=1,2 0

*
where j (x) € {1,2} is the optimal policy determined by the above
*
minimum cost calculation and V (¢) is the expected cost of that policy.

In the example

2 0<x<3
* 1 3 <x<4.03
j (x) =
2 4.03 <x <6
1 6 <x<7
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At time zero, j (0) 1s always equal to 2 since ¢y < ¢ and by
Theorem 6.1 there always exists a & > 0 such that j*(x) = 2 for all
x € [0,6). Hence, the first "switchover point", or point at which the

policy changes, is when the two equations

t
<y + g c, + c2M2(t - x) dFl(x) (1)
and
t
c, + é ¢, + My (t - x) dF, (x) (2)

= c2(1 + Mz(t))

cross over.

In the example given these two equations happen to cross not
only once but three times in the interval [0,7]. The three values of
t at which these crossings occur are s = 3, 4.01 and 6. These
correspond to the points 4, 2.99 and 1 respectively in Figure 6.2*.

Although any subsequent crossings of the two equations do not
necessarily reflect switching points, it may still be useful for the
manufacturer to know when there exists a unique point 8 during the
warranty period W where the difference of the two equations switches
signs. The following two theorems explore conditions under which this

is true.

*It 18 a bit of a coincidence that the equation crossings at 4.0l and
6 correspond almost exactly to the switching times of 7-4.01 = 2.99
and 7-6 = 1. However, as discussed in the text, it is no coincidence
that the point 7-3 = 4 corresponds to a switching time.




Theorem 6.2. If c1 > c2 and

dFl(x) < dF2(x) vx € [0,W]

then the two equations

gy + ét ¢, + czMz(t - x) dFl(x) 1)
and
t
¢, + é <, + czMz(t - x) sz(x) 2)
cross at most once in the interval [0,W] . H

Proof. Consider the difference, (2) minus (1)

t
c, -yt é ) (1 + M (¢ - x))[dFZ(x) - dFl(x)] .

At time t = 0 this difference is negative since ¢y > ¢y If

sz(x) > dFl(x) for all x € [0,W] then

t
d
¥rs é ¢, (1 + My (t - x))[dF,(x) - dF, (x)]
= ¢, [dF,(t) - dF (t)]

t
+ g é% Mz(t - x)[sz(x) - dFl(x)]

> 0
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since Mz(t) is increasing in t. Thus, there is at most one point

s € [0,W] where the above difference can be equal to zero and, hence,

Theorem 6.2 18 proved.

The above theorem is probably not very useful for large W due

to the restriction that
dF(x) > dFl(x) ¥x € [0,W] .

Note that this condition cannot hold for all x because

(-] [
[ daF,(x) = [ 4F (x) = 1.
0 0
Another interesting and perhaps more useful theorem can be
proved if one assumes that F2(°) is an exponential distribution.

The method of proof will be the same as was used in Theorem 6.2,

that is, proving the difference 1s increasing at t.

Theorem 6.3. If ¢ > €y Fz(-) is an exponential distribution
and Fl(') has a decreasing failure rate (DFR) distribution with
density f1(°), then the two equations (1) and (2) of Theorem 6.2

cross at most once.

Proof. If Fz(-) is distributed exponentially with parameter )\

then

il e e o YT m;-w~~,~j




« vé

Mz(t - x) = Xz(t - %) .

Equation (2) minus Equation (1) thus simplifies to

t
c, - ¢ + é c, + czkz(t - x)[dFl(x) - sz(x)]

=c, - + cz[Fz(t) - Fl(t)] + czxzt[Fz(t) - Fl(t)]
t t

- é e,y XdF, (x) +£ c,hy xdF (x) .

Notice that at t = 0 the above equation is €y = €y less than zero
by hypothesis.

To find if this equation is increasing in t one can take the
partial derivatrive with respect to t and see if it is positive.

Recalling the assumption that Fl(-) has a density,

)
'EE[(Z) - (1)) = c2[f2(t) - fl(t)] + czkzt[fz(t) - fl(t)]
+ czxz[Fz(t) - Fl(t)] - czxztfz(t)

+ czxztfl(t)

—Azt —Azt
= czlze + czlz - czkze - czfl(t) - czlel(t)

= czszl(t) - czfl(t) .
Thus, the partial with respect to t of the difference of (2) and

(1) is greater than or equal to zero iff
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e F 1 (8) = ¢, f,(8) > 0

iff

(o]
[
~
(a4
~

|v

!

Fl(-) is DFR by hypothesis and, hence, fl(t)/fl(t) is decreasing in

t. There are three cases to consider:

£,(0)

a) > A for all t

b) = < A for all t

c)

and for all E > to,

In case a) the partial with respect to t of equation (2) minus
equation (1) is never positive and, hence, no crossing point exists
(except in the case of strict equality). In case b) the difference
in strictly increasing and, hence, exactly one change of sign occurs.

In case c) the difference is at first decreasing and then after
a certain time (say to) strictly increasing in t. Thus, there exists

a unique point 8 where the two equations (1) and (2) cross. [£5]

Using the results of the two previous theorems along with Theorem

5.2 (and its proof) conditions which insure a replace-repair policy is ﬁ“l
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optimal can be derived. It is important to remember that if no

cross over point (as defined in the previous two theorems) exists,
then the optimal policy is the repair-only policy, a degenerate
subset of the repair-replace policies. For the following theorems it
will be assumed that a cross over point, or switching time, exists,
is within the warranty period W, and occurs s units ¢f time from

the end of the warranty.

Theorem 6.4. If c1 > c2 and

dFl(x) < dFZ(x) ¥x € [0,W]
then a replace-repair policy is optimal.

Proof. By Theorem 6.2 the optimal policy ends in a replace-repair type
policy. If it can be shown that a policy of the form repair-replace-
repair is always more expensive than a replace-replace-repair (equivalent
to replace-repair) policy then the theorem will be proved.

Consider the two policies depicted below.

@
Lo | ® |

0 t t+s

Figure 6.3. A Replace-Repair-Replace Policy (A)
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Figure 6.4. A Replace-Repair Policy (B)

In Policy A (Figure 6.3) one repairs if there is s + t time units
left in the warranty, replaces if there is less than t + 8 and greater
than or equal to s time units left, and repairs if there is less than
s units left. Policy B (Figure 6.4) is identical except that replace-
ment occurs at time ¢t + s.

Using the notatfion of Example 6.1, the total expected cost of

Policy A 1is
c, [ V(t+ s - x)dF,(x)

and the total expected cost of Policy B is

t+s
e, + ] v(t+s- x)dF, (x) .
o

Taking the difference (A ~ B) and then differentiating with respect to

t vyields

33? (A - B] = V(O)(dF,(t + ) ~ dF,(t + 8))

tts
+ g ait [V(t + 8 - x)][dF,(x) - dF,(x)]
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which is strictly increasing since dFZ(x) > dFl(x).
For t = 0 Policy A has a cost that is at least that of Policy B
by definition of s. By the proof of Theorem 6.2 for some sufficiently
small positive t Policy A is more costly than Policy B. By the above
result the difference in cost between Policy A and Policy B is strictly
increasing in t. Thus, Policy A can never be better than Policy B

and, hence, a replace-repair policy is optimal. &
A similar proof will be used in the following related theorem.

Theorem 6.5. If c1 > c2, FZ(-) is an exponential distribution and

Fl(-) is DFR with density fl(-) then a replace-repair policy is

optimal.

Proof. By Theorem 6.3 the optimal policy ends in a replace-repair type

policy. By the proof of Theorem 5.2

v = ¢, A for Policy A (Figure 6.3) .

c
at t+s 272

For Policy B (by hypothesis Fl(-) has a density fl(-))

3 3 t+s
= v(t) v [ Vit +s- x)f, (x)dx

t+s 0

t+T 3
= V(O)f,(t+8) + £ 3¢ V(t + 8 - x)fl(x)dx




t
- V(O)fl(t +8) + £ g% Vit + 8 - x)fl(x)dx

t+s 3

+ { 3¢ V(t + 8 - 0 (x)dx .

| By hypothesis ¢, > ¢y Thus, by Theorem 6.1 V(0) = Cye By the

definition of s and the hypothesis that FZ(-) is exponential

", V(x) = c A X vx € [0,8) .
Hence, for Policy B
av(t) €
= =cf(t+s8)+ [ == V(t+s8~xf (x
t t+s 271 0 at 1

+ czAz(Fl(s +t) - Fl(t)) .

V(x) 1is continuous since both Fl(o) and Fz(-) have densities.

At time s

avgxz
x |, < el

and, in fact, if it is optimal to replace at some point X, > g, then

IV (x) < X

1

x = %% - |
X |

j

]

0




This can be seen either by a recursion argument on the derivative

(identical to the rest of this proof) or by noting that if

AV{x)

X > ehy

x0>s
then by the continuity of V(x) and Theorem 5.2 it would be cheaper

to repair at time X, (a contradiction).

Using this bound

t
3V (t) =, f(E+T) + [ 2 V(t+s - xf (x)dx
T 251 at 1
s+t 0

+ czAZ(Fl(s +t) - Fl(t))

t
c fi(t +8) + é e o f, (x)dx

1A

ey o (F)(s + £) = F (£))

czfl(t +8) + cz)\zFl(s +t) .

By the results of Theorem 6.3, the definition of s and the assumption

Y that F () 1s DFR,
;
v fl(t+s)
_— < A or !
Fl(s+t) 2 ’ i
& fl(t+s) < Az - szl(s + t)
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Substituting in (for Policy B)

av(it)
5t < czkz czszl(s +t) + c2A2F1(s + t)

Thus, the difference in cost between Policy A and Policy B is
strictly increasing in t, and by the same argument used in Theorem 6.4

a replace~repair policy is optimal.

Using the above results the optimality of the exponential

examples of Section 5.2 can be proved.

Lemma 6.6. If F1(~) and Fz(-) are both distributed exponentially
with parameters Al and xz and costs ¢y and ¢, respectively with
¢, > ¢, and Al < XZ then the optimal policy is a replace-repair policy.

1 2

Proof. Exponential distributions are subsets of DFR distributions. Thus,
Theorem 6.5 applies. If Al < 12 then condition b) of Theorem 6.3
applies, exactly one switching point exists, and a replace-repair policy

with nonzero s 1is optimal.

Using the results of this chapter an alternate method for finding

8 1in the exponential example can be used.




Example 6.2. If F1 and FZ are exponential distributions, then the

first and only switching time occurs at the first (and only) zero crossing

of

t
c, et g ey (1 + My(t - x)) [dF,(x) - dF, (x)]

t —Azx —Alx
=c, - + f c2(1 + kz(t - x))[kze - \,e ]dx

0 1
—Alt -Alt
=cy, -G + czkzt -c 1 -~e - czkzt l-e
t —Xlx
+ f c2A2 xAle dx
0
-t -Xlt

= czkzul - c1 + cze - czxzule

Solving for the point 8 where this quantity equals zero

-Als
¢y = iy = (e) = cydyuyde

or

1 €171
sy e,
2¥17C2%2

the same value derived in Section 5.2.
Two concluding notes on optimal repair policies seem appropriate

here. First of all, as was stated in Chapter 5, limiting the analysis
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to the standard warranty does not exclude (W,T) warranty policies.
The statements and theorems of Chapter 6 (with the obvious exception
of Theorem 6.1) are also applicable to (W,T) policies.

Secondly, i1f the manufacturer has multiple options (i.e., Fl(-),
Fz(-), ey Fn(-)) that are all distributed exponentially, then the
results of Chapters 5 and 6 can be used to show that an optimal repair

policy has the form

where A >¢c,A, «.. . The proof is not included here

ey > cjxj > ckxk e
because an excellent proof (albeit very different in both approach and

technique) can be found in [10].
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CHAPTER 7

CONCLUSIONS AND FUTURE RESEARCH

The major results of this paper fit into three catagories:
defining warranty policies, mathematical analysis of these policies,
and consideration of the manufacturer's option of repairing an item
in lieu of replacing it. Six different warranty policies were defined
and analyzed. The standard warranty, the renewing warranty and the
pro rata warranty are all common policies found nation wide. The pro
rata with rebate and pro rata with delay warranty policies (see Chapter
3) are beginning to become popular and have appeared in recent literature
(4, 5, 13]. The (W,T) warranty policy is new and has not appeared in
any published literature (to this author's knowledge). However, it is
currently being used by such major companies as Texas Instruments.

Each of the above policies was analyzed from both the manufacturer's
point of view (profit per customer per unit time) and from the consumer's
point of view (cost per unit time) over both finite and infinite time
horizons. This analysis was performed primarily by the use of renewal
equations.

When the manufacturer is faced with the option of repairing or
replacing an item under warranty the question of optimal repair policies
arises. One repair policy, the replace-repair policy (replace if there
is greater than s time units left in the warranty and repair otherwise),
was shown to be optimal whenever the repaired item had an exponential
life length distribution and the replaced or new item had a DFR distri-

bution.
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There are many areas for future research. From the econometric

side one could assume consumer demand as a function of both price and
warranty to arrive at the optimal warranty that should be offered.

Or, discounting could be considered by folding the discount rate into
the failure distribution to arrive at a terminating renewal process
(Feller [11) calls the analysis of this process '"trite"). From the
soclologic point of view the percent of eligible consumers who actually
use their warranties could be included in the analysis of Chapters 3
and 4.

An intriguing question to those interested in reliability is
what other conditions can be derived which insure a replace-repair
policy is cptimal. For instance, it might be conjectured, due to the
symmetry that frequently exists in these processes, that if the replaced
item had an exponential life length distribution and the repaired item
an IFR distribution, then the optimal repair policy would also be a

replace-repair policy.

-132- N

e e A AL L K Bl . T TR~ e iy e T, 1




(1]

(2]

(3]

(4]

[5}

(6]

(7]

(8]

(9]

(10]

[11]

(12]

Bibliograph

Balaban, H., and D. Rettener, '""The Use of Warranties for Defense
Avionics Procurement", Proceedings: Reliability and Maintain-~
ability Symposium (1974) 363-368.

Barlow, R. E., and F. Proschan, Statistical Theory of Reliability
and Life Testing Probability Models (1975) Holt, Rinehart and
Winston, Inc., N.Y., N.Y.

Bell, L. F., "A Mathematical Theory of Guarantee Policies", TR #49,
Applied Mathematics and Statistics Laboratories, Stanford Univer-
sity, Stanford, California (February 1961).

Blischke, W. R., and E. M. Scheuer, 'Calculation of the Cost of
Warranty Policies as a Function of Estimated Life Distributions",
Naval Research Logistics Quarterly 22 (1975) 681-696.

Blischke, W. R., and E. M. Scheuer, "Application of Nonparametric
Methods in the Statistical and Economic Analysis of Warranties",
in C. P. Tsokos and I. N. Shimi, Eds., The Theory and Applications
of Reliability with Emphasis on Bayesian and Nonparametric Methods,
Vol. II (1977) New York: Academic Press, Inc., 259-273.

Blischke, W. R., and E. M. Scheuer, "A Renewal Function Arising in
Warranty Analysis', Proceedings Business and Economics Section,
American Statistics Association (1977).

Blischke, W. R., and E. M. Scheuer, "On the Structure and Analysis of
Warranty Policies'", Proceedings of the Joint ORSA/TIMS Meeting
(November 1977).

¢inlar, E., Introduction to Stochastic Processes (1975) Prentice-
Hall Inc., Englewood Cliffs, New Jersey.

Courville, L., and W. H. Hausman, 'Warranty Scope and Reliability
Under Imperfect Information and Alternative Market Structures',
TR #79-~1, Department of Industrial Engineering and Engineering

Management, Stanford University, Stanford, California (January 1979).

Derman, C., G. J. Lieberman and S. Ross, "A Renewal Decision Problem",
Management Science 24:5 (January 1978) 554-561.

Feller, W., An Introduction to Probability Theory and Its Appli-
cations, Vol. II (1966) John Wiley and Sons, Inc., New York, New
York.

Glickman, T. S., and P. D. Berger, "Optimal Price and Protection

Period Decisions for a Product under Warranty', Management Science
22 (1976) 1381-1394.

-133-

H




[13] Heschel, M. S., "How Much is a Guarantee Worth", Industrial
Engineering 3 (May 1971) 14-15.

{14] Johns, M. V., Jr., and R. G. Miller, Jr., "Average Renewal
Loss Rates", Annals of Mathematics 34 (1963) pg. 396.

[15] Karlin, S., and H. M. Taylor, A First Course in Stochastic
Processes, Second Edition (1975) Academic Press, N.Y,, N.Y.

{16 Mann, N. R., "Warranty Periods for Production Lots Based on
Fatigue-Test Data", Engineering Fracture Mechanics 8 (1976)
123-130.

[17] Mann, N. R., and S. C. Saunders, "On Evaluation of Warranty
Assurance When Life Has a Weibull Distribution', Biometrika
56 (1969) 615-625.

{18} Marshall, C., "Incentivising Availability Warranties", Poly-EE
Report #80-002, Polytechnic Institute of New York, N.Y.
(March 1980).

=134~

DAY AR . 2 RIS B - - 1 D



IFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Dits Znterad)

REPORT DOCUMENTATION PAGE BEFORE OO R
. REPQAT NYMASR . 2. GOVY ACCESSION NO.[ 3. RECIPIENT'S CATALOG HUMBER
4
| T 198 I b«f/ﬂzﬁ/éf
4. TIYUE (and Subtitle) ~ $. TYPE Of REPORT A PEAIGD COVERED
S J Technical #epu
P WARRAN'I‘Y POLICIES CONSUMER VALUE \/ ) o
T % MANUFACTURER COSTS . e . 8. PERPORMING ORG. R(’ORT NUMBER
7. Au'rnon(.) < Je CONTRACT OR GRANT NUMBER(s)
N SE— e e - - ’ . et = e e
| i,l Frederick M. [Biedenweg - /F F/J N¢0014 75-C-0561
9. PERFONMIN: ORGANIZATION NAWMEZ AND AOORESS 10. ::g:z‘:oi‘.xﬁssr‘:"zzo‘! CYT, TASK
Dept. of Operations Research and Dept. of ]
Statistics - Stanford University, (NR-047-200) YRR
Stanford, California 94305 \ﬁ (=
1. CONTROLLING OFFICE NAME AND ADDRESS Lo W—* Ty i
Operations Research, Code 434 ’]}J ey APrMBl
Office of Naval Research V3. HUMSER OF PAGES

Arlington, Virginia 22217 134
Te MONITORING AGENCY NAME & ADORESS(!! different from Controliing Oflice) | 1S. SECURITY CLASS. (of this raport)
Unclassified
18a. DECL ASSIFICATION/DOWNGRADING
SCHEDULE

18. DISTRIBUTION STATEMENT (of thla Report)

APPROVED FOR PUBLIC RELEASE: DISTRIBUTION IS UNLIMITED

17. DISTRIBUTION STATEMENT (2! the abatract sntered In Block 70, H di!lermnt froer Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue cn raverse alds Il neceseary and identlly by biock number)
renewal equation decreasing failure rate

warranty policy repair policy
optimql policy

29. ABST ¢ (Conlinue on ravaree elde If nacessary and identify by dlock number)

A warranty is a contractual obligation incurred by a manufacturer or
vendor in connection with the sale of an item or service. A typical warranty
specifies that the manufacturer agrees to remedy certain defects or failures,
in the commodity sold, within a predetermined time span and at a particular
cost to the consumer.

This study considers full and limited warranty policies from both the ﬁ
consumers' and manufacturers' point of view. The consumers' expected cost over
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20. WARRANTY POLICIES: CONSUMER VALUE VS. MANUFACTURER COST (Continued)

a given time horizon is calculated for the various policies. Using these values,
the additional cost the consumer should be willing to pay for a given warranty
is found. To the manufacturer, profit is the most important consideration. In
view of this, the expected profit per customer per unit time is calculated for
each policy so that the manufacturer can set prices accordingly.

The analysis is extended to include the manufacturers' option of repairing
an item in lieu of replacing it. Conditions are derived which ensure the
existence of an optional "switching time” or time after which the manufacturer’

should repair instead of replace.

Many of the results are derived by the use of renewal equations and
delayed renewal equations. In each case a probability distribution function is
assumed to govern the life length of the item.
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